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Among the innumerable mortifications whick waylay
human arrogance on every side may well be
reckoned our ignorance of the most common objects
and effects, a defect af which we become more
sensible by every attempt to supply it, Vulgar and
inactive minds confound familiarity with knowledge
and conceive themselves informed of the whole
nature of things when they are shown their formor
told their use; but the speculatist, who is not confent
with superficial views, harasses himself with fruitless
curiosity, and still, as he inguires more, perceives
only that he knows less.

Samuel Johnson, The Idler (Saturday, 25
November 1758)
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Foreword

I am very much aware that it is an act of extreme rashness to
attempt to write an elementary book about structures. Indeed it is
only when the subject is stripped of its mathematics that one
begins to realize how difficult it is to pin down and describe those
structural concepts which are often called ‘elementary’; by which
1 suppose we mean *basic’ or ‘fundamental’, Some of the omis-
sions and oversimplifications are intentional but no doubt some
of them are due to my own brute ignorance and lack of under-
standing of the subject.

Although this volume is more or less a sequel to The New
Science of Strong Materials it can be read as an entirely separate
book in its own right. For this reason a certain amount of repeti-
tion has been unavoidable in the earlier chapters.

1 have to thank a great many people for factual information,
suggestions and for stimulating and sometimes heated discussions.
Among the living, my colleagues at Reading University have been .
generous with help, notably Professor W. D. Biggs (Professor of
Building Technology), Dr Richard Chaplin, Dr Giorgi®
Jeronimidis, Dr Julian Vincent and Dr Henry Biyth; Professor
Antheny Flew, Professor of Philosophy, made useful suggestions
about the last chapter. 1 am also grateful to Mr John Bartlett,
Consultant Neurosurgeon at the Brook Hospital, Professor T. P.
Hughes of the University of the West Indies has been helpful
about rockets and many other things besides. My secretary,
Mrs Jean Collins, was a great belp in times of trouble. Mrs
Nethercot of Vogue was kind to me about dressmaking. Mr
Gerald Leach and also many of the editorial staff of Penguins
have exercised their accustomed patience and helpfulness.

Among the dead, T owe a great deal to DF Mark Pryor - lately
of Trinity College, Cambridge - especially for discussions about
biomechanics which extended over a period of nearly thirty years.
Lastly, for reasons which must surely be obvious, I owe a humble
oblation to Herodotus, once a citizen of Halicarnassus.
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Chapter1 The structures in our lives

- or how to communicate with engineers

As men journeved in the east, they came upon a plain
in the land of Shinar and settled there. They said 1o
one another, 'Come, let us make bricks and bake
them hard’; they used bricks for stones and bitumen
for mortar. * Come,’ they said, " let us build ourselves
a city and a tower with its iop in the heavens, and
make a name for ourselves; or we shall be dispersed
all over the earth.’ Then the Lord came down to see
the city and tower which mortal men had built, and
he said, " Here they are, one peaple with a single
language,. and now they have started to do this;
henceforward nothing they have a mind to do wifl be
beyond their reach, Come, let us go down there and
confuse their speech, so that they will not understand
what they say to one another.’ So the Lord dispersed
them from there all over the earth, and they left off
building the city. That is why it is called Babel ( that
is, Babylon), because the Lord there made a babble
of the language of all the world.

Genesis 11. 2-9 { New English Bible)

A structure has been defined as *any assemblage of materials
which is intended to sustain loads’, and the study of structures is
one of the traditional branches of science. If an engineering struc-
ture breaks, people are likely to get kiiled, and so engineers do
well to investigate the behaviour of structures with circumspec-
tion. But, unfortunately, when they come to tell other people
about their subject, something goes badly wrong, for they talk in
-a strange language, and some of us are left with the conviction
that the study of structures and the way in which they carry loads
is incomprehensible, irrelevant and very boring indeed.
Yet structures are involved in our lives in so many ways that we
cannot really afford to ignore them: after all, every plant and
- animal and nearly all of the works of man have to sustain greater
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or less mechanical forces without breaking, and so practically
everything is a structure of one kind or another. When we talk
about structures we shall have to ask, not only why buildings and
bridges fali down and why machinery and aeroplanes sometimes
break, but also how worms came to be the shape they are and why
a bat can fly into a rose-bush without tearing its wings. How do
our tendons work ? Why do we get ‘lumbago’? How were ptero-
dactyls able to weigh so little? Why do birds bave feathers? How
do our arteries work ? What can we do for crippled children ? Why
are sailing ships rigged in the way they are? Why did the bow of
Odysseus have to be so hard to string? Why did the ancients take
the wheels off their chariots at night? How did a Greek catapuit
work ? Why is a reed shaken by the wind and why is the Parthenon
so beautiful ? Can engineers learn from natural structures ? What
can doctors and biologists and artists and archaeologists learn
from engineers ?

As it has turned out, the struggle to understand the real reasons
why structures work and why things break has been a great deal
more difficult and has taken much longer than one might have
expected. It is really only quite recently that we have been able to
fill in enough of the gaps in our knowledge to answer some of
these questions in any very useful or intelligent manner. Naturally,
as more of the bits of the jig-saw puzzle are assembled, the general
picture becomes clearer: the whole subject is becoming less a study
for rather narrow specialists and more one which the ordinary
person can find rewarding and relevant to a wide range of general
interests.

This book is about modern views on the structural element in
Nature, in technology and in everyday life. We shall discuss the
ways in which the need to be strong and to support various neces-
sary loads has influenced the development of all sorts of creatures
and devices — including man.

The living structure

Biological structures came into being long before artificial ones.
Before there was life in the world, there was no such thing asa
purposive structure of any kind - only mountains and heaps of
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sand and rock. Even a very simple and primitive kind of life is a
delicately balanced, self-perpetuating chemical reaction which
needs to be separated and guarded from non-life. Nature having
invented life — and with it individualism - it became necessary to
devise some kind of container in which to keep it. This film or
membrane had to have at least a minimum of mechanical strength,
both to contain the living matter and also to give it some protec-
tion from outside forces.

If, as seems possible, some of the earliest forms of life consisted
of tiny droplets floating in water, then a very weak and simple
barrier, perhaps no more than the surface tension which exists at
the interfaces between different liquids, may have sufficed. '
Gradually, as living creatures multiplied, life became more com-
petitive, and the weak, globular and immobile animals were at a
disadvantage. Skins became tougher and various means of loco-
motion were evolved. Larger, multicellular animals appeared
which could bite and could swim fast. Survival became a matter
of chasing and being chased, eating and being eaten. Aristotle
called this allelophagia - a mutual eating — Darwin called it
natural selection. In any case, progress in evolution was depen-
dent upon the development of stronger biclogical materials and
more ingenious living structures.

The earlier and more primitive animals were mostly made from
soft materials because they not only make it much easier to wriggle
and extend oneself in various ways, but soft tissues are usually
tough (as we shall see), while rigid ones like bone are often brittle,
Furthermore, the use of rigid materials imposes all kinds of
difficulties in connection with growth and reproduction. As women
know, the business of giving birth involves an engineering of high
strains and large deflections. All the same, the development of the
vertebrate foetus from conception onwards, like that of natural
structures in general, is in certain respects from soft to hard, and
the hardening process goes on after the baby has emerged.

One gets the impression that Nature has accepted the use of
stiff materials rather reluctantly, but, as animals got bigger and
came out of the water on to the land, most of them developed and
exploited rigid skeletons, teeth and sometimes horns and armour,
Yet animals never became predominantly rigid devices like most
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modern machinery. The skeleton usually remained but a small
part of the whole, and, as we shall see, the soft parts were fre-
quently used in clever ways to limit the loads upon the skeleton
and thys to protect it from the consequences of its brittleness,

While the bodies of most animals are made preponderantly
from flexible materials, this is not always true for plants. The
smaller and more primitive plants are usually soft, but a plant
cannot chase its food, nor can it run away from an enemy. It can,
however, protect itself to some extent by growing tall, and, by
doing so, it may also be able to get more than its fair share of sun

“and rain. Trees, in particular, seem to be extraordinarily clever at

"stretching out to collect the diffuse and fitful energy of sunlight
and at the same time standing up to being bullied by the wind —
and all in the most cost-effective way. The tallest trees reach a
height of about 360 feet or 110 metres, being by far the largest and
most durable of living structures. For a plant to reach even a
tenth of this height, however, its main structure needs to be both
light and rigid; we shall see later that it incorporates a number of
important lessons for engineers.

It may seem obvious that questions like these about strength
and flexibility and toughness are relevant in medicine and in
zoology and botany, yet for a long time both doctors and biolo-
gists resisted al such ideas with considerable success and with the
whole force of their emotions. Of course, it is partly a matter of
temperament and partly a matter of language, and perhaps a dislike
and fear of the mathematical concepts of the engineer may have
had something to do with the matter. Too often biologists simply
cannot bring themselves to make a sufficiently serious study of the
structural aspects of their problems. Yet there can be no reason to
assume that, while Nature uses methods of infinite subtlety in her
chemistry and her control mechanisms, her structural approach
should be a crude one.

The technological structure

Wenders there are mary, but there is no wonder
Wilder than man - )
Man who makes the winds of winter bear him,
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Through the trough of waves that tower about him,
Across grey wastes of sea;

Man who wearies the Untiring, the Immortal -
Earth, eldest of the Gods, as year by year,

His plough teams come and go.

The care-free bands of birds,

Beasts of the wild, tribes of the sea,

It netted toils ke takes,

The Subtle One.

Sophocles, Antigone (440 B.C.; transiated by F, L. Lucas}

Benjamin Franklin (1706-90) used to define man as ‘a tool-making
animal’, In fact a good many other animals make and use rather
primitive tools, and of course they quite often make better houses
than do many uncivilized men. It might not be very easy to point
out the exact moment in the development of man at which his
technology couid be said noticeably to surpass that of the beasts
that perish. Perhaps it was later than we think, especially if the
early men were arboreal.

However this may be, the gap both in time and in technical
achievement between the sticks and stones of the earliest men -
which were not much better than the tools used by the higher
animals — and the sophisticated and beautiful artefacts of the late
Stone Age is an immense one. Pre-metallic cultures have survived
in remote places until only yesterday and many of their devices
can be seen and admired in museums. To make strong structures
without the benefit of metals requires an instinct for the distribu-
tion and direction of stresses which is by no means always pos-
sessed by modetn engineers; for the use of metals, which are so
conveniently tough and uniform, has taken some of the intuition
and also some of the thinking out of engineering. Since the inven-
tion of Fibreglass and other artificial composite materials we have
been returning at times to the sort of fibrous non-metallic struc-
tures which were developed by the Polynesians and the Eskimoes.
As a result we have become more aware of our own inadeguacies
in visualizing stress systems and, just possibly, more respectful of
primitive technologies,

As a matter of fact the introduction of the technological metals
to the civilized world — probably between 2,000 and 1,000 B.C. -
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did not make a very large or immediate difference to most artificial
structures, because metals were scarce, expensive and not very
easy to shape. The use of metals for cutting tools and weapons
and, to some extent, for armour had its effect, but the majority of
load-bearing artefacts continued to be made from masonry and
from timber and leather and rope and textiles.

Using the old mixed constructions, the millwright and the
coachbuilder, the shipwright and the rigger, needed a very high
degree of skill, though of course they had their blind spots and
they made the sort of mistakes one might expect from men with-
out a formal analytical training, On the whole, the introduction of
steam and machinery resulted in a dilution of skills, and it also
limited the range of materials in general use in *advanced techno-
logy’ to a few standardized, rigid substances such as steel and
concrete,

The pressures in some of the early engines were not much higher
than our blood-pressure but, since materials like leather are in-
capable of withstanding hot steam, the engineer could not con-
trive a steam engine out of bladders and membranes and flexible
tubes. So he was compelled to evolve from metals, by mechanical
means, movements which an animal might have achieved more
simply and perhaps with less weight.* He had to get his effects by
means of wheels, springs, connecting rods and pistons sliding in
cylinders.

Although these rather clumsy devices were originally imposed
on him by the limitations of his materials, the engineer has come
to look on this kind of approach to technology as the only proper
and respectable one. Once he has settled in his ruf of metal cog-
wheels and girders the engineer takes a lot of shifting. Moreover
this attitude to materials and technology has rubbed off on the
general public. Not long ago, at a cocktail party, the pretty wife of
an American scientist said to me ‘So you’re really telling me that
people used to make airplanes out of wood? — out of lumber?! 1
don’t believe you, you’re kidding me.’

To what extent this outlook is objectively Justlﬁed and how far
it is based on prejudice and a morbid passion for being up to date
is one of the questions which we shall discuss in this book. We

*Compare pistons and bellows.
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need to take a balanced view. The traditional range of engineering
structures made from bricks and stone and concrete and from
steel and aluminium have been very successful, and clearly we
ought to take them seriously, both for their own sakes and for
what they have to teach us in a broader context. We might remem-
ber, however, that the pneumatic tyre, for instance, has changed
the face of land transport and is probably a more important in-
vention than the internal combustion engine. Yet we do not often
teach engineering students about tyres, and there has been a
distinct tendency in the schools of engineering to sweep the whole
business of flexible structures under the carpet. When we come to
look at the question in a broad way we may perhaps find that, for
solid quantitative reasons, there is a case for trying to rebuild
some part of traditional engineering upon models which may well
turn out to be partly biological in inspiration.

Whatever view we may take of these matters we cannbt get
away from the fact that every branch of technology must be con-
cerned, to a greater or less extent, with questions of strength and
deflections; and we may consider ourselves lucky if our mistakes
in these directions are merely annoying or expensive and do not
kill or injure somebody. Those concerned with electrical affairs
might be reminded that a great proportion of the failures in
electrical and electronic devices are mechanical in origin.

Structures can, and do, break, and this may be important and
sometimes dramatic; but, in conventional technology, the rigidity
and deflections of a structure before it breaks are likely to be more
important in practice. A house, & floor or a table which wobbled
or swayed would not be acceptable, and we should consider that
the performance of, say, an optical device such as a microscope or
a camera depends not only upon the quality of its lenses but also
upon the accuracy and rigidity with- which they are positioned.
Faults of this kind are far too common.

Structures and aesthetics

Could 1 find a place to be alone with heaven,
T woudd speak my heart out: heaven is my need.
Every woodland tree is flushing like the dogwood,
Flashing like the whitebeam, swaying like the reed.
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Flushing like the dogwood crimson in October;
Streaming fike the flag-reed South-Wesi blown;

Flashing as in gusts the sudden-tighted whitebeam:
All seem 1o know what is for heaven alone.

George Meredith, Love in the Valley

Nowadays, whether we like it or not, we are stuck with one form
or another of advanced technology and we have got to make it
work safely and efficiently: this involves, among other things, the
intelligent application of structura! theory. However, man does
not live by safety and efficiency alone, and we have to face the fact
that, visually, the world is becoming an increasingly depressing
place. It is not, perhaps, so much the occurrence of what might be
described as “active ugliness’ as the prevalence of the dull and the
commonplace. Far too seldom is the heart rejoiced or does one
feel any better or happier for looking at the works of modern marn.

Yet most of the artefacts of the eighteenth century, even quite
humble and trivial ones, seem to many of us to be at least pleasing
and sometimes incomparably beautiful. To that extent people —
all peaple — in the eighteenth century lived richer lives than most
of us do today. This is reflected in the prices we pay nowadays for
period houses and antiques. A society which was more creative
and self-confident would not feel quite so strong a nostalgia for
its preat-grandfathers’ buildings and household goods.

Although such a book as this is not the place in which to
develop elaborate and perhaps controversial theories of applied
art, the question cannot be wholly ignored. As we have said,
pearly every artefact is in some sense a structure of one kind or
another, and, although most artefacts are not primarily concerned
with making an emotional or aesthetic effect, it is highly important
to realize that there can be no such thing as an emotionally neutral
statement. This is trug whether the medium be speech or writing
or painting or technological design. Whether we mean it or not,
every single thing we design and make will have some kind of
subjective impact, for good or bad, over and above its overt ra-
tional purpose. ' -

I think we are up against yet another problem of communica-
tion. Most engineers have had no aesthetic training at all, and the
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tendency in the schools of engineering is to despise such matters
as frivolous. In any case, there is little enough time in the crowded
syliabuses. Modern architects have made it very clear to me that
they cannot spare time from their lordly sociological objectives to
consider such minor matters as the strength of their buildings; nor,
indeed, can they spare much time for aesthetics, in which their
clients are probabiy not much interested anyway. Again, furniture
designers, incredibly, are not taught during their formal training
how to calculate the deflection in an ordinary bookshelf when it is
loaded with books, and so it is not very surprising that most of
them seem to have no ideas about relating the appearance to the
structure of their products.

The theory of elasticity, or why things do fall down

Or those eighteen, upon whom the tower in Siloam fell, and slew them,
think you that they were sinners above all men that dwelt inJerusalem ?

Luke 13.4

Many people — especially English people - dislike theory, and
usually they do not think very much of theoreticians. This seems
to apply especially to questions of strength and elasticity. A really
surprising number of people who would not venture into the fields
of, say, chemistry or medicine feel themselves competent to pro-
duce a structure upon which someone’s life may depend. If
pressed, they might admit that a large bridge or an aeroplane was
a little beyond them, but the common structures of life surely
present only the most trivial of problems?

This is not to suggest that the construction of an ordinary shed
is a matter calling for years of study; yet it is true that the whole
subject is littered with traps for the unwary, and many things are
not as simple as they might seem, Too often the engineers are only
called in, professionally, to deal with the structural achievernents
of ‘practical’ men at the same time as the lawyers and the under- -
takers.

Nevertheless, for long centuries the practical men managed after
their own fashion — at least in certain fields of construction. If you
go and look at a cathedral you may well wonder whether you are
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impressed more deeply by the skill or by the faith of the people
who built it. These buildings are not only of very great size and
height; some of them seem to transcend the dull and heavy nature
of their constructional materials and to soar upwards into art and
poetry.

On the face of it it would seem obvious that the medieval masons
knew a great deal about how te build churches and cathedrals,
and of course they were often highly successful and superbly good
at it. However, if you had had the chance to ask the Master Mason
how it was really done and why the thing stood up at all, I think
he might have said something like * The building is kept up by the
hand of God ~ always provided that, when we built it, we duly
foliowed the traditional rules and mysteries of our craft.’

Naturally, the buildings we see and admire are those which have
survived: in spite of their ‘mysteries’ and their skill and expe-
rience, the medieval masons were by no means always successful.
A fair proportion of their more ambitious efforts fell down soon
after they were built, or sometimes during construction, How-
ever, these catastrophes were just as likely to be regarded as sent
from Heaven, to punish the unrighteous or to bring sinners to
repentance, as to be the consequence of mere technical ignorance
— hence the need for the remark about the tower of Siloam.*

Perhaps because they were too much obsessed by the moral
significance of good workmanship, the old builders and carpen-
ters and shipwrights never seem to have thought at all, in any
scientific sense, about why a structure is able to carry a load.
Professor Jacques Heyman has shown conclusively that the
cathedral masons, at any rate, did not think or design in the
modern way. Although some of the achievements of the medieval

craftsmen-are‘ impressive, the intellectual basis of their ‘rules’ and .

‘mysteries’ was not very different from that of a cookery book.
What these people did was to make something very r.nuch like
what had been made before. :

As we shall see in Chapter 9, masonry is a rather exceptional
case and there are some special reasons why it is sometimes safe

*There is an interesting discussion of pagan views on this subject in
Gilbert Murray’s Five Stages of Greek Religion (Q.U.P., 1930). Again, the
whole question of animism in connection with structures is worthy of study.
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and practicable to scale up from small churches to large cathe-
drals, relying simply on experience and traditional proportions.
For other kinds of structures this way of doing things will not
work and is quite unsafe, This is the reason why, though buildings
got bigger and bigger, for a very long time the size of the largest
ships rernained virtually constant, So long as there was no scienti=
fic way of predicting the safety of technological structures,
attempts to make devices which were new or radically different
were only too likely to end in disaster.

Thus, for generation after generation, men turned their heads
away from a rational approach to problems of strength. However,
if you make a habit of shelving questions which, in your secret
heart, you must surely know to be important, the psychological
consequences will be unhappy. What happened was just what one
would have expected. The whole subject became a breeding-
ground for cruelty and superstition. When a ship is christened by
some noble matron with a bottle of champagne, or when a
foundation stone is laid by a fat mayor, these ceremonies are the
last vestiges of certain very nasty sacrificial rites.

During the course of the Middle Ages the Church managed to
suppress most of the sacrifices, but it did not do much to encou-
rage any kind of scientific approach. To escape completely from
such attitudes — or to accept that God may work through the
agency of the laws of science — requires a complete change of
thinking, a mental effort such as we can scarcely comprehend
today. It called for a quite exceptional combination of imagina-
tion with intellectual discipline at a time when the very vocabulary
of science barely existed.

As it turned out, the old craftsmen never accepted the challenge,
and it is interesting to reflect that the effective beginnings of the
serious study of structures may be said to be due to the persecu-
tion and obscurantism of the Inquisition, In 1633, Galileo (1564
1642) fell foul of the Church on account of his revolutionary
astronomical discoveries, which were considered to threaten the
very bases of religious and civil authority. He was most firmly
headed off astronomy and, after his famous recantation,* he was

* When he was forced to deny that the earth went round the sun. Glordano
Brunoc had been burnt for this heresy in 1600.
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perhaps lucky to be allowed to retire to his villa at Arcetri, near
Florence. Living there, virtually under house-arrest, he took up
the study of the strength of materials as being, I suppose, the
safest and least subversive subject he could think of.

As it happened, Galileo’s own contribution to our knowledge
of the strength of materials was only moderately distinguished,
though one must bear in mind that he was almost seventy when he
began to work on the subject, that he had been through a great
deal and that he was still more or less a prisoner. However, he was
allowed to correspond with scholars in various parts of Europe,
and his great reputation lent prestige and publicity to any subject
he took up.

Among his many surviving letters there are several zbout
structures, and his correspondence with Mersenne, who worked in
France, seems to have been particularly fruitful. Marin Mersenne
{1588-1648) was a Jesuit priest, but presumably nobody could
object to his researches on the strength of metal wires. Edmé
Mariotte (1620-84), a much younger man, was also a priest, being
Prior of Saint Martin-sous-Beaune, near Dijon, in the wine
country. He spent most of his life working on the laws of ter-
restrial mechanics and on the strength of rods in tension and in
bending. Under Louis XIV he helped to found the French
Academy of Sciences and was in favour with both Church and
State. None of these people, it will be noted, were professional
builders or shipwrights.

By Mariotte’s time the whole subject of the behaviour of
materials and structures under loads was beginning to be called
the science of elasticity - for reasons which will become apparent
in the next chapter - and we shall use this name repeatedly
throughout this book. Since the subject became popular with
mathematicians about 150 years ago. I am afraid that a really
formidable number of unreadable, incomprehensible books have
been written about elasticity, and generations of students have
endured agonies of boredom in lectures about materials and
structures. In my opinion the mystique and mumbo-jumbo is over-
done and often beside the point. It is true that the higher flights
of elasticity are mathematical and very difficult — but then this
sort of theory is probably only rarely used by successful engineer-
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ing designers. What is actually needed for a great many ordinary
purposes can be understood quite casily by any intelligent person
who will give his or her mind to the matter.

The man in the street, or the man in the workshop, thinks he
needs virtually no theoretical knowledge. The engineering don is
apt to pretend that to get anywhere worth while without the
higher mathematics is not only impossible but that it would be

-vaguely immoral if you could. It seems to me that ordinary mor-

tals like you and me can get along surprisingly well with some
intermediate — and I hope more interesting - state of knowledge.

All the same, we cannot wholly evade the question of mathema-
tics, which is said to have originated in Babylonia - possibly at the
time of the Tower of Babel incident., Mathematics is to the
scientist and the engineer a tool, to the professional mathematician
a religion, but to the ordinary person a stumbling-block. Yet all
of us are really using mathematics through every moment of our
lives. When we play tennis or walk downstairs we are actually
solving whole pages of differential equations, quickly, easily and
without thinking about it, using the analogue computer which we
keep in our minds. What we find difficult about mathematics is
the formal, symbolic presentation of the subject by pedagogues
with a taste for dogma, sadism and incomprehensible squiggles.

For the most part, wherever a ‘mathematical’ argument is
really needed I shall try to use graphs and diagrams of the simplest
kind. We shall, however, need some arithmetic and a little very,
very elementary algebra, which — however rude we may be to the
mathematicians — is, after all, a simple, powerful and convenient
mode of thought, Even if you are born, or think you are born,
with an allergy to algebra, please do not be frightened of it.
However, if you really must skip it, it will still be possible to
follow thie arguments in this book in a gualitative way without
losing too'much of the story.

One further point: structures are made from materials and we
shall talk about structures and also about materials; byt in fact
there is no clear-cut dividing line between a material and a struc-
ture. Steel is undoubtedly a material and the Forth bridge is
undoubtedly a structure, but reinforced concrete and wood and
human flesh — all of which have a rather complicated constitution
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— may be considered as either materials or structures. I am afraid
that, like Humpty-Dumpty, when. we use the word ‘material’ in
this book, it will mean whatever we want it to mean. That this is
not always the same as what other people mean by ‘material’ was
brought home to me by another lady at another cocktail party.

‘Do tell me what itisyoudo?’

‘I"m a professor of materials.’

“What fun it must be to handle all those dress-fabrics!

Part One

The difficult birth of the
science of elasticity



Chapter2 Why structures carry loads

or the springiness of solids

Let us begin at the beginning with Newton who said
that action and reaction are equal and opposite. This
means that every push must be matched and balanced
by an equal and opposite push. It does not matter
how the push arises. It may be a “dead’ load for
instance: that is to say a stationary weight of some
kind, If I weigh 200 pounds and stand on the floor,
then the soles of my feet pusk downwards on the floor
with a push or thrust of 200 pounds; that is the
business of feet. At the same time the floor must push
upwards on my feet with a thrust of 200 pounds; that
is the business of floors. If the floor is rotten and
cannot furnish a thrust of 200 pounds then I shall fall
through the floor. If, however, by some miracle, the
Ffloor produced a larger thrust than my feet have
called upon it to produce, say 201 pounds, then the
result would be still more surprising because, of
course, I should become girborne.

The New Science of Strong Materials — or Why
you dont’t fall through the floor (Chapter 2)

~ We might start by asking how it is that any inanimate solid, such
as steel or stone or timber or plastic, is able to resist a mechanical
force at all — or even to sustain its own weight ? This is, essentiaily,
the problem of ‘Why we don’t fall through the floor® and the
answer is by no means obvious. It lies at the root of the whole
study of structures and is intellectually difficult. In the event, it
proved too difficult for Galileo, and the credit for the achievement
of any real understanding of the problem is due to that very
cantankerous man Robert Hooke (1635-1702).

In the first place, Hooke realized that, if a material or a struc-
ture is to resist a load, it can only do so by pushing back at it with
an equal and opposite force. If your feet push down on the floor,
the floor must push up on your feet. If a cathedral pushes down
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- on its foundations, the foundations must push up on the cathedral.
This is implicit in Newton’s third law of motion, which, it will be
remembered, is about action and reaction being equal and oppo-
site.

In other words, a force cannot just pet lost, Always and what-
ever happens every force must be balanced and reacted by another
equal and opposite force at every point throughout a structure,
This is true for any kind of structure, however small and simple or
however large and complicated it may be. It is true, not only for
floors and cathedrals, but also for bridges and aeroplanes and
balloons and furniture and lions and tigers and cabbages and
earthworms,

If this condition is not fulfilled, that is to say if all the forces are
not in equilibrium or balance with each other, then either the
structure will break or else the whole affair must take off, like a
rocket, and end up somewhere in outer space. This latter result is
frequently implicit in the examination answers of engineering
students. .

Let us consider for a moment the simplest possible sort of
structure. Suppose that we hang a weight, such as an ordinary
brick, from some support - which might be the branch of a tree —
by means of a piece of string (Figure 1). The weight of the brick,
like the weight of Newton's apple, is due to the effect of the earth’s
gravitational field upon its mass and it acts continually down-

Figure 1. The weight of the brick, acting downwards, must be supported by
an equal and opposite upward pull or tension in the string.
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wards. If the brick is not to fall, then it must be sustained in its
position in mid-air by a continuing equal and opposite upwards
force or pull in the string. If the string is too weak, so that it
cannot produce an upward force equal to the weight of the brick,
then the string will break and the brick will fall to the ground -
again like Newton’s apple.

However, if our string is a strong one, so that we are able to
hang not one, but two, bricks from it, then the string will now
have to produce twice as much upward force; that is, enough to
support both bricks. And so on, of course, for any other variations
of the load, Moreover, the load does not have to be a ‘dead’
weight such as a brick; forces arising from any other cause, such
as the pressure of the wind, must be resisted by the same sort of
reaction.

In the case of the brick which hangs from a tree the load is
supported by the tension in the string, in other words by a pull. In
many structures, such as buildings, the load is carried in com-
pression, that is by pushing. In both cases the general principles
are the same. Thus if any structural system is to do its job - that is
to say, if the load is supported in a satisfactory way so that noth-
ing very much happens ~ then it must somehow manage to pro-
duce a push or a pull which is exactly equal and opposite to the
force which is being applied to it. That is, it has to resist all the
pushes and pulls which may happen to arrive upon its
doorstep by pushing and pulling back at them by just the right
amount.

This is all very well and it is generally fairly easy to see why a
load pushes or pulls on a structure. The difficulty is to see why the
structure should push or pull back at the load. As it happens,
quite young children have had some inkling of the problem from
time to time.

‘Do stop pulling the cat’s tail, darling.’

‘I'm not pulling, Mummy, Pussy’s pulling.’

In the case of the cat’s tail the reaction is provided by the living
biological activity of the cat’s muscles pulling against the child’s
muscles, but of course this kind of active muscular reaction is not
very often available, nor is it necessary.

If the cat’s tail had happened to be attached, not to the cat, but
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to something inert, like a wall, then the wall would have to be
doing the ‘pulling’; whether the resistance to the child’s pull is
generated actively by the cat or passively by the wall makes no
difference to the child or to the tail (Figures 2 and 3).

How then can an inert or passive thing like a wall or a string —
or, come to that, a bone or a steel girder or a cathedral - produce
the large reactive forces which are needed 7

Fignre 2. *Do stop pulling the cat’s tail, darling.’
*I’m not pulling, Mummy, Pussy's pulling.’
Figure 3, Itdoesn't make any difference whether Pussy pulls or not.

Hooke’s law ~ or the springiness of solids

The power of any Spring is in the same proportion with the Tension®
thereof: That is, if one power stretch or bend it one space, two will bend it
two, three will bend it three, and se forward, And this is the Rule or Law of
Nature, upon which all manner of Restituent or Springing motion doth
proceed.

Robert Hooke

By about 1676 Hooke saw clearly that, not only must solids resist
weights or other mechanical loads by pushing back at them, but
also that

1. Every kind of solid changes its shape - by stretching or con-
tracting itself - when a mechanical force is applied to it.

*In Hooke’s time “tension’ meant what we should call ‘extension’, just as
* tensilo’ did in Latin,
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Figures 4 and 3. All materials and structures deflect, to greatly varying
extents, when they are loaded. The science of elasticity is
about the interactions between forces and deflections. The
material of the bough is stretched near its upper surface
and compressed or contracted near its lower surface by
the weight of the monkey.

2. It is this change of shape which enables the solid to do the
pushing back.

Thus, when we hang a brick from the end of a piece of string,
the string gets longer, and it is just this stretching which enables
the string to pull upwards on the brick and so prevent it from
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falling, Al materials and structures deflect, although to greatly
varying extents, when they are loaded (Figures 4 and 5).

It is important to realize that it is perfectly normal for any and
every structure to deflect in response to a load. Unpless this deflec-
tion is too large for the purposes of the structure, it is not in any
way a ‘fault’ but rather an essential characteristic without which
no structure would be able to work. The science of elasticity is
about the interactions between forces and deflections in materials
and structures,

Although every kind of solid changes its shape to some extent
when a weight or other mechanical force is apptied to it, the
deflections which occur in practice vary enormously. With a
thing like & plant or a piece of rubber the deflections are often very
large and are easily seen, but when we put ordinary loads on hard
substances like metal or concrete or bone the deflections are some-
times very small indeed, Although such movements are often far
too small to see with the naked eye, they always exist and are
perfectly real, even though we may need special appliances in
order to measure them, When you climb the tower of a cathedral
it becomes shorter, as a result of your added weight, by a very,
very tiny amount, but it really does become shorter. As a matter of
fact, masonry is really more flexible than you might think, as one
can see by looking at the four principal columns which support
the tower of Salisbury Cathedral: they are all quite noticeably
bent (Plate 1).

Hooke made a further important step in his reasoning which,
even nowadays, some people find difficult to follow. He realized
that, when any structure deflects under load in the way we have
been talking about, the material from which it is made is itself
also stretched or contracted, internalfy, thronghout ali its parts
and in due proportion, down to a very fine scale — as we know
nowadays, down to a molecular scale. Thus, when we deform a
stick or a steel spring ~ say by bending it — the atoms and mole-
cules of which the material is made have to move further apart, or
else squash closer together, when the material as a whole is
stretched or corpressed. :

As we also know nowadays, the chemical bonds which join the
atoms to each other, and so hold the solid together, are very
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strong and stiff indeed. So when the material as a whole is
stretched or compressed this can only be done by stretching or
compressing many millions of strong chemical bonds which
vigorously resist being deformed, even to a very small extent. Thus
these bonds produce the required large forces of reaction (Figure

Figure 6. - Simplified model of distortion of interatomic bonds under mecha-
nical strain.
(a) Neutral, relaxed or strain-free position. .
(b) Material strained in tension, atoms further apart, material
gets longer.
(c) Material strained in compression, atoms closer together,
material gets shorter. '



40 Structures :}“‘ )

Although Hooke knew nothing in detail about chemical bonds
and not very much about atoms and molecules, he understood
perfectly well that something of this kind was happening within
the fine structure of the material, and he set out to determine what
might be the nature of the macroscopic relationship between
forces and deflections in solids.

He tested a variety of objects made from various materials and
having various geometrical forms, such as springs and wires and
beams. Having hung a succession of weights upon them and
measured the resulting deflections, he showed that the deflection
in any given structure was usually proportional to the foad. That
is to say, a load of 200 pounds would cause twice as much deflec-
tion as a load of 100 pounds ‘and so forward’.

Furthermore, within the accuracy of Hooke’s measurements —
which was not very good — most of these solids recovered their
original shape when the load which was causing the deflection was
removed. In fact he could usually go on loading and unloading
structures of this kind indefinitely without causing any permanent
change of shape. Such behaviour is called ‘elastic’ and is common,
The word is often associated with rubber bands and underclothes,
but it is just as applicable to steel and stone and brick and to
biological substances like wood and bone and tendon. It is in this
wider sense that engineers generally use it. Incidentally, the ‘ping’
of the mosquito, for instance, is due to the highly. elastic behaviour
of the resilin springs which operate its wings.

However, a certain number of solids and near-solids, like putty
and plasticine, do not recover completely but remain distorted
when the load is taken off. This kind of behaviour is called
“plastic’. The word is by no means confined to the materials from
which ashtrays are usually made but is also applied to clay and to
soft metals. Such plastic substances shade off into things like
butter and porridge and treacle. Furthermore, many of the mate-
rials which Hooke considered to be ‘elastic’ turn out to be. im-
perfectly so when tested by more accurate modern methods.

However, as a broad generalization, Hooke’s observations re-
main true and still provide the basis of the modern science of
elasticity. Nowadays, and with hindsight, the idea that most
materials and structures, not only machinery and bridges and
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buildings but also trees and animals and rocks and mountains and
the round world itself, behave very much like springs may seem
simple enough — perhaps blindingly obvious — but, from his diary,
it is clear that to get thus far cost Hooke great mental effort and
many doubts. It is perhaps one of the great intellectual achieve-
ments of history.

After he had tried ont his ideas on Sir Christopher Wren in a
series of private arguments, Hooke published his experiments in
1679 in a paper called ‘De potentia restitutiva or of a spring’.
This paper contained the famous statement ‘s fensio sic vis' (“as
the extension, so the force?). This principle has been known for
three hundred years as ‘ Hooke’s law’.

How elasticity got bogged down

But to make an enemy of Newton was fatal. For Newton, right or wrong,
was implacable.

Margaret *Espinasse, Roberr Hpoke (Heinemann, 1956)

Although in modern times Hooke’s law has been of the very
greatest service to engineers, in the form in which Hooke ori-
ginally propounded it its practical uscfulness was rather limited.
Hooke was really talking about the deflections of a complete
structure — a spring, a bridge or a tree - when a load is applied to
it.

If we think for one moment, it is obvious that the deflection of a
structure is affected bosh by its size and geometrical shape and
also by the sort of material from which it is made, Materials vary
very greatly in their intrinsic stiffness. Things like rubber or flesh
are easily distorted by small forces which we can apply with our
fingers, Other substances such as wood and bone and stone and
most metals are very considerably stiffer, and, although a0 ma-
terial can be absolutely ‘rigid®, a few solids like sapphire and
diamond are very stiff indeed.

We can make objects of the same size and shape, such as
ordinary plumber’s washers, out of steel and also out of rubber.
It is clear that the steel washer is very much more rigid (in fact
about 30,000 times more rigid) than the rubber one. Again, if we
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make a thin spiral spring and also a thick and massive girder from
the same material — such as steel — then the spring will naturally be
very much more flexible than the girder. We need to be able to
separate and to quantify these effects, for in engineering, as in
biology, we are ringing the changes of these variables all the time
and we need sorne reliable way of sorting the whole thing out.

After such a promising start it is rather surprising that no
scientific way of coping with this difficulty emerged until 120 years
after Hooke’s death. In fact, throughout the eighteenth century
remarkably little real progress was made in the study of elasticity.
The reasons for this lack of progress were no doubt complex, but
in general it can be said that, while the scientists of the seventéenth
century saw their science as interwoven with the progress of
technology — a vision of the purpose of science which was then
almost new in histery — many of the scientists of the eighteenth
century thought of themselves as philosophers working on a plane
which was altogether superior to the sordid problems of manu-
facturing and commerce. This was, of course, a reversion to the
Greck view of science. Hooke’s law provided a broad philosophi-
cal explanation of some rather commonplace phenomena which
was quite adequate for the gentleman-philosopher who was not
very interested in the technical details.

With all this, however, we cannot leave out the personal in-
fluence of Newton (1642-3727) himself or the after-effects of the
bitter enmity which existed between Newton and Hooke. Intel-
lectuatly, Hooke was probably nearly as able as Newton, and he
was certainly even more touchy and vain; but in other respects
they were men of totally different temperaments and interests.
Basically, although they both came from fairly modest back-
grounds, Newton was a snob whereas Hooke, though a personal
friend of Charles 11, was not.

Unlike Newton, Hooke was an earthy sort of person who was
occupied with an enormous number of very practical problems
about elasticity and springs and clocks and buildings and micro-
scopes and the anatomy of the common flea. Among Hooke's
inventions which are still in use today are the universal joint, used
in car transmissions, and the iris diaphragm, which is used in most
cameras. Hooke’s carriage lamp, in which, as the candle burnt
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down, its flame was kept in the centre of the optical system by
means of a spring feed, went out of use only in the 1920s. Such
lamps are still to be seen outside people’s front doors. Further-
more, Hooke’s private life out-sinned that of his friend Samuel
Pepys: not only was every servant girl fair game to him, but he
lived for many vears ‘perfecte intime omne’™ with his attractive
niece.

Newton’s vision of the Universe may have been wider than
Hooke’s, but his interest in science was much less practical. In -
fact, like that of many lesser dons, it could often be described as
anti-practical. It is true that Newton became Master of the Mint
and did the job well, but it seems that his acceptance of the post
had little to do with any desire to apply science and a lot to do
with the fact that this was a ‘place under Government” which, in
those days, conferred a much higher social position- than his
fellowship of Trinity, not to mention a higher salary. A great deal .
of Newton's time, however, was spent in a curious world of his
own in which he speculated about such perplexing theological
problems as the Number of the Beast. I don’t think he had much
time or inclination to induige in the sins of the flesh.

In short, Newton was well constituted to detest Hooke as a man
and to loathe everything he stood for, down to and including
elasticity. It so happened that Newton had the good fortune to
live on for twenty-five years after Hooke died, and he devoted a
good deal of this time to denigrating Hooke’s memory and the
importance of applied science. Since Newton had, by then, an al-
most God-like position in the scientific world, and since all this
tended to reinforce the social and intellectual tendencies of the
age, subjects like structures suffered heavily in popularity, even
for many years after Newton's death.

Thus the situation throughout the eighteenth century was that,
fwhile the manner in which structures worked had been explained
in a broad general way by Hooke, his work was not much fol-
lowed up or exploited, and so the subject remained in such a con-
dition that detailed practical calculations were scarcely possible.

So long as this state of affairs continued the usefulness of
theoretical elasticity in engineering was limited, French eighteenth.

* Hooke’s own phrase. Her name was Grace.
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century engineers were aware of this but regretted it and tried to
build structures (which quite often fell down) making use of such
theory as was available to them. English engineers, who were also
aware of it, were usually indifferent to “theory’ and they built the
structures of the Industrial Revolution by rule-of-thumb ‘practi-
cal’ methods. These structures probably fell down nearly, but not

quite, as often,

Chapter3 The invention of stress and strain

~ or Baron Cauchy and the decipherment of
Young’s modulus :

What would life be without arithmetic, but a scene of
horrors?

Rev. Sydney Smith, letter to a young lady, 22
July 1835

Apart from Newton and the prejudices of the eighteenth century,
the main reasen why the science of elasticity got stuck for so long
was that the few scientists who did study it tried to deal with
forces and deflections by considering the structure as a whole — as
Hooke bad done - rather than by analysing the forces and exten-
sions which could be shown to exist at any given point within the
material. All through the eighteenth century and well into the
nineteenth, very clever men, such as Leonhard Euler (1707-83)
and Thomas Young (1773-1829), performed what must appear to
the modern engineer to be the most incredible intellectual contor-
tions in their attempts to solve what now seem to us to be quite
straightforward problems.

The concept of the elastic conditions at a specified point inside
a material is the concept of stress and strain, These ideas were
first put forward in a generalized form by Augustin Cauchy (1789-
1857) in a paper to the French Academy of Sciences in 1822, This
paper was perhaps the most important event in the history of
elasticity since Hooke. After this, that science showed promise of
becoming a practical teol for engineers rather than a happy
hunting-ground for a few somewhat eccentric philosophers. From
his portrait, painted at about this time, Cauchy looks rather a pert
young man, but he was undoubtedly an applied mathematician of
great ability.

When, eventually, English ninefeenth-century engineers
bothered to read what Cauchy had said on the subject, they found
that, not only were the basic concepts of stress and strain really
quite easy to understand, but, once they had been understood, the
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whole study of structures was much simplified. Nowadays these
ideas can be understood by anybody,* and it is hard to account
for the bewildered and even resentful attitude which is sometimes
taken up by laymen when ‘stresses and strains® are mentioned. 1
once had a research student with a nice new degree in zoology who
was so upset by the whole idea of stress and strain that she ran
away from the university and hid herself, I still do not see why.

Stress— which Is not to be confused with strain

As it happened, Galileo himself very nearly stumbled upon the
idea of stress. In the Two New Sciences, the book he wrote in his

old age at Arcetri, he states very clearly that, other things being -

equal, a rod which is pulied in tension has a strength which is
proportional to its cross-sectional area. Thus, if a rod of two
square centimetres cross-section breaks at a pull of 1,000 kilo-
grams, then one of four square centimetres cross-section will need
a pull of 2,000 kilograms force in order to break it, and so on. That
it should have taken nearly two hundred years to divide the
breaking load by the area of the fracture surface, so as to get what
we should now call a ‘breaking stress’ (in this case 500 kilograms
per square centimetre)} which might be applied to all similar rods
made from the same material almost passes belief,

Cauchy perceived that this idea of stress can be used, not only
to predict when a material will break, but also to describe the
state of affairs at any point inside a solid in a much more general
kind of way. In other words the *stress’ in a solid is rather like the
‘pressure’ in a liquid or a gas. It is a measure of how hard the
atoms and molecules which make up the material are being pushed
together-or pulled apart as a result of external forces.

Thus, to say ‘The stress at that point in this piece of steel is
500 kilograms per square centimetre’ is no more obscure or
mysterious than to say *The pressure of the air in the tyres of my
car is 2 kilograms per square centimetre — or 28 pounds per square

- % Except, apparently, the Oxford Dictionary. The words are used, of
course, in casual conversation to describe the mental state of people and as
if they meant the same thing. In physical science the meenings of the two
words ere quite clear and distinct,
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inch.” However, although the concepts of pressure and stress are
fairly closely comparable, we have to bear in mind that pressure
acts in all three directions within a fluid while the stress in a solid
is often a directional or one~dimensional affair. Or, at any rate, so
we shall consider it for the present.

Numerically, the stress in any direction at a given point in a
material is simply the force or load which happens to be acting in
that direction at the point, divided by the area on which the force
acts.* If we call the stress at a certain point s, then

load P

Stress =5=—— = —
area A

where P = load or force and A is the area over which the force P
can be considered as acting,

Force P

Ioad (force) P
SH'GSS here == ¥ = T e
cross-sectional area A

Figure 1. Stress in a bar under tension. (Compressive stress is exactly
analogous.) .

To revert to our brick, which we left in the last chapter hanging
from its string. If the brick weighs 5 kilograms and the string has a
cross-section of 2 square millimetres, then the brick pulls on the
string with a force of 5 kilograms, and the stress in the string will
be: :

*How can a *point’ have an *area’? Consider the analogy of speed: we
express speed as the distance covered in a certain length of time, ¢.g. miles
per hour, although we are concerned usually with the speed at any given —
infinitely brief — moment.
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load P 5 kilograms force

area A 2square millimetres
= 2-5 kilograms force per square millimetre

or, if we prefer it, 250 kilograms force per square centimetre or
kgf/em?,

Units of stress

This raises the vexed question of units of stress. Stress can be
expressed in any units of force divided by any units of area — and
it frequently is. To reduce the amount of confusion we shall stick
to the following units in this book.

MEGANEWTONS PER SQUARE METRE: MN/m?, This is the SI
unit. As most people know, the SI{System Intcmatmnal) habit is
to make the unit of force the Newton.

10 Newton = 0-102 kilograms force = 0-225 pounds force

- (roughly the weight of one apple).

1 Meganewton == one million Newtons, which is almost exactly
100 tons force.

POUNDS (FORCE) PER SQUARE INCH p.si, This is the tradi-
tional unit in English-speaking countries, and it is still very widely
-used by engineers, especially in America. It is also in common use
in a great many tables and reference books,

KILOGRAMS (FORCE) PER SQUARE CENTIMETRE: kgficm?®
(sometimes kg/cm?). This is the unit in common use in Continen-
tal countries, including Communist ones.

FOR CONVERSION

1 MN/m? = 10-2 kgf/cm? = 146 p.s.i.
1p.si. = 000685 MN/m? = 0-07 kgf/cm?
1 kgfjem? = 0098 MN/m? = 14-2 p.s.i.

Thus the stress in our piece of string, which we found to be
250 keffem?, is also equal to 24-5 MN/m? or 3,600 p.s.i. Sibce the
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calculation of stresses is not usuvally a very accurate business,
there is no sense in fussing too much about very exact conversion
factors.

It is worth repeating that it is important to realize that the stress
in a material, like the pressure in a fluid, is a condition which
exists at & point and it is not especially associated with any particu-
lar cross-sectional area, such as a square inch or a square centi-
metre or a square metre.

Strain— which is not the same thing as stress

Just as stress tells us how hard - that is, with how much force — the
atoms at any point in a solid are being pulled apart, so strain tells
us how far they are being pulled apart - that is, by what propor-
tion the bonds between the atoms are stretched,

Origiy

al fop, P
Sth 7,
\" I
e

Increase of length due
to application of load P

increase of length I

Straip= ——~ = —— =¢
original length L

Figure 2, Strain in a bar under tension. (Compressive strain is exactly
analogous.)

Thus, if a rod which has an original length L is caused to stretch
by an amount / by the action of a force on it, then the strain, or
proportionate change of length, in the rod will be e, let us say,
such that:

[
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To return to our string, if the original length of the string was,
say, 2 metres {or 200 cm), and the weight of the brick causes it to
stretch by 1 centimetre, then the strain in the string is;

Engineering strains are usually quite small, and so engineers very
often express strains as percentages, which reduces the oppor-
tunities for confusion with noughts and decimal points.

Like stress, strain is not associated with any particular length or
cross-section or shape of material. It is also a condition at a point.
Again, since we calculate strain by dividing one length by ahother
length — i.e. the extension by the original length - strain is a ratio,
which is to say a number, and it has no units, S I, British or anything
else. All this applies just as much in compression, of course, as it
does in tension,

Young's moduulus — or how stiff is this material ?

As we have said, Hooke’s law in its original form, though edifying,
was the result of a rather inglorious muddle between the proper-
ties of materials and the behaviour of structures. This muddle
arose mainly from the lack of the concepts of stress and strain,
but we also have to bear in mind the difficulties which would have
existed in the past in connection with testing materials.
Nowadays, when we want to test a material - as distinct from a

Figure 3. A typical tensile test-piece.

structure — we generally make what is cailed a “test-piece”’ from it,
The shapes of test-pieces may vary a good deal but usually they
have a parallel stem, on which measurements can be made, and
are provided with thickened ends by which they can be attached
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to the testing machine. An ordinary metal test-piece often looks
like Figure 3.
Testing machines also vary a good deal in size and in design, but

- basically they are all mechanical devices for applying a measured

load in tension or in compression.

The stress in the stem of the test-piece is obtained merely by
dividing the load recorded at each stage on the dial of the machine
by the area of its cross-section. The extension of the stem of the
test-piece under load — and therefore the strain in the material - is
usually measured by means of a sensitive device called an extenso-
meter, which is clamped to two points on the stem.

With equipment of this kind it is generally quite easy to measure
the stress and the strain which occur within a specimen of a

Stress

Strain
Figure 4. Atypical *stress-strain diagram®.

material as we increase the load upon it. The relationship between
stress and strain for that material is given by the graph of stress
plotted against strain which we call the “stress-strain diagram’.
This stress-strain diagram, which may look something like Figure
4, is very characteristic of any given material, and its shape is
usually unaffected by the size of the test-piece which happens to
have been used.

When we come to plot the stress-strain diagram for metals and
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for a number of other common solids we are very apt to find that,
at least for moderate stresses, the graph is a straight line. When
this is 50 we speak of the material as ‘obeying Hooke’s law’ or
sometimes of a * Hookean material’.

What we also find, however, is that the slope of the straight part
of the graph varies greatly for different materials (Figure 5). It is

s Steel
Aluminium
Bone

Stress Wood

Strain €

Figure 5. ‘'The slope of the straight part of the stress-strain diagram is
characteristic of each different material. £, the Young's modulus
of elasticity, represents this slope.

clear that the slope of the stress-strain diagram measures how
readily each material strains elastically under a given stress. In
other words it is a measure of the elastic stiffness or floppiness of
a given solid.

For any given material which obeys Hooke’s law, the slope of
the graph or the ratio of stress to strain witl be constant. Thus for
any particular material :

stress
strain

= S = Young’s modulus of elasticity, which we call E

= constant for that material

Young’s modulus is sometimes called ‘the elastic modulus® and
sometimes ‘E°, and is quite often spoken of as ‘stiffness’ in
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ordinary technical conversation. The word *modulus’, by the way,
is Latin for “a little measure’,

Our string, it may be remembered, was strained 0-5 per cent or
0-005 by the weight of the brick, which imposed a stress of
24-5 MN/m? or 3,600 p.s.i. The Young’s modulus of the string is
therefore

stress  24-5
= == 2
strain 0005 4,900 MN/m'
= 720,000 p.s.i.

Units of stiffness or Young’s modulus

Since we are dividing a stress by a fraction, which is to say a
number, which has no dimensions, Young’s modulus has the same
dimensions as a stress and is expressed in stress units, that is to
say MN/m?, p.s.i. or kgf/cm?®. Since, however, Young’s modulus
may be regarded as that stress which would double the length of
the material (i.e. the stress at 100 per cent strain) - if the material
did not break first — the numbers involved are often large, and
some people find them difficult to visualize,

Practical values of Young’s modulus

The Young’s moduli of a number of commen biological and engi-
neering materials are given in Table 1, Starting from the cuticle of
the pregnant locust (which is low, but not very exceptionally low,
for biological materials; the cuticle of the male locust and of the
virgin female locust is a lot stiffer, by the way) the Young's
moduli are arranged in ascending order all the way to diamond.
It will be seen that the range of stiffness varies by about 6,000,000
to one. Which is a lot. We shall discyss why this should be so in
Chapter 8,

It may be noticed that a good many common soft biological
materials do not occur in this table. This is because their elastic
behaviour does not obey Hooke's law, even approximately, so
that it is really impossible to define a Young’s modulus, at any
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TABLE 1

Approximate Young's moduli of various solids

Young’s modutus (E)

Materiat p.8-i. MN/m2
Soft cuticle of pregnant locust® 30 0.2
Rubber 1,000 7
Shell membrane of egg 1,100 8
Human cartilage 3,500 24
Human tendon ' 80,000 600
Wallboard 200,000 1,400
Unreinforced plastics, polythene, nylon 200,000 1,400
Plywood 1,000,000 7,000
Wood (along grain) 2,000,000 14,600
Fresh bone 3,000,000 21,000
Magnesivm metal 6,000,000 42,000
Ordinary glasses 10,000,000 70,000
Aluminium alloys 10,000,000 70,000
Brasses and bronzes 17,000,000 120,000
Iron and steel 30,000,000 210,000
Aluminium oxide (sapphire) 60,000,000 420,000
Biamond 170,000,000 1,200,000

*By cdurtesy of Dr Julian Vincent, Department of Zoology, University of
Reading.

rate in the terms we have been talking about. We shall come back
to this sort of elasticity later on.

Young’s modulus is nowadays regarded as a pretty fundamen-
tal concept; it thoroughly pervades engineering and materials
science and is beginning to invade biology. Yet it took all of the
first half of the nineteenth century for the penny to drop in the
minds of engineers. This was partly due to sheer conservatism and
partly due to the late arrival of any workable concept of stress and
strain.

Given these ideas, few things are simpler or more obvious than
Young’s modulus; without them, the whole affair must have
seemed impossibly difficult. Young, who was to play an important
part in the decipherment of Egyptian hieroglyphics and who had
one of the finest brains of his generation, obviously had a very
severe intellectual struggle,
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Working around the year 1800, he had to approach the prob-
Iem by a route quite different from that which we have just used,
and he considered the question in terms of what we should now
call the “specific modulus®, that is, by how much a column of a
material might be expected to shorten under its own weight.
Young's own definition of his modulus, published in 1807, is as
follows: *The modulus of the elasticity of any substance is a
column of the same substance, capable of producing a pressure on
its base which is to the weight causing a certain degree of com-
pression as the length of the substance is to the diminution of its
length.**

After which, Egyptian hieroglyphics must have appeared simple.

It was said of Young by one of his contemporaries that ‘His
words were not those in familiar use, and the arrangement of his
ideas seldom the same as those he conversed with. He was there-
fore worse calculated than any man I ever knew for the communi-
cation of knowledge.* All the same we have to realize that Young
was wrestling with an idea that was scarcely capable of expression
without the concepts of stress and strain, which did not come into
use until fifteen or twenty years later. The modern definition of
Young’s modulus (E = stress/strain) was given in 1826 — three

* years before Young died - by the French engineer Navier (1785-

1836). As the inventor of stress and strain, Cauchy was eventually
made a baron by the French government. He seems to have
deserved it.

Strength

It is necessary to avoid confusion between the strength of a struc-
ture and the strength of a material. The strength of a structure is
simply the /oad (in pounds.force or Newtons or kilograms force)
which will just break the structure, This figure is known as the
‘breaking load’, and it naturally applies only to some individual,
specific structure,

**Though science is much respected by their Lordships and your paper is
much esteemed, it is too learned . . . in short jt is not understood’ (Admiralty
letter to Young).



56 Structures

The strength of a material is the stress (in ps.d. or MN/m?® or
kegf/cm?) required to break a piece of the material itself. It will
generally be the same for all specimens of any given solid. We are
most often concerned with the tensile strength of materials, which
is sometimes called the ‘ultimate tensile stress® or U.T.S, This is
usually determined by breaking small test-pieces in a testing
machine. Naturally, the object of many strength calculations is to

TABLE 2

Approximate tensile strengths of various solids

Tensile strength
Material p.s.i. MN/m?

Noun-metals
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Tensile strength

Material p.si. MN/m?
Merals
STEELS
Steel piano wire (very brittle) 450,000 3,100
High tensile engineering steel 225,000 1,550
Commercial mild steel 60,000 400
WROUGHT IRON
Traditional 15,000-40,000- 100-300
CASTIRON
Traditional {(very brittle) 10,000-20,000 T70-140
Modern 20,000-40,000 140-300
OTHER METALS
Aluminium: cast 10,000 70

wrought alloys 20,000-80,000 140600
Copper 20,000 140
Brasses 18,000—50,000 120400
Bronzes 15,000-80,000 100600
Magnesium alloys 30,000-40,000 200-300

Muscle tissue (fresh but dead) 15 01
Bladderwall { ,, ., 5 ) 34 0-2
Stomach walt{ ,, , ., ) . 62 0-4
Intestine {5 o2 w2 ) 70 05
Arterywall ( ,, , . ) 240 1-7
Cartilage [ S 430 30
Cement and concrete 600 41
Ordinaty brick 800 5-5
Fresh skin 1,560 10-3
‘Tanned leather 6,000 41-1
Fresh tendon 12,000 82
Hemp rope 12,000 82
Wood {air dry): along grain 15,000 103
across grain 500 3-5
Fresh bone 16,000 110
Ordinary glass 5,000-25,000 35-175
Human hair 28,000 192
Spider’s web 35,000 240
Good ceramics 5,000~-50,000 35350
Silk 50,000 350
Cotton fibre 50,000 350
Catgut 50,000 350
Flax 100,000 700
Fibreglass plastics 50,000-150,000 350-1,050
Carbon-fibre plastics 50,000-150,000 350-1,050
Nylon thread 150,000 1,050

Titanium alloys 100,000-200,000 T00-1,400

predict the strength of a structure from the known strength of its
material.

The tensile strengths of a good many materials are given in
Table 2. As with stiffness, it will be seen that the range of strengths
in both biological and engineering solids is very wide indeed. For
instance, the contrast between the weakness of muscle and the
strength of tendon is striking, and this accounts for the very
different cross-sections of muscles and their equivalent tendons.
Thus the thick and sometimes bulging muscle in our calves trans-
1mits its tension to the bone of our heel, so that we can walk and
jump, by means of the Achilles or calcaneal tendon, which, al-
though it is pencil-thin, is generally quite adequate for the job,
Again, we can see why engineers are unwise to put tensile forces
on concrete unless that weak material is sufficiently reinforced
with strong steel bars,
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~ or can you really trust strength calculations ?

That with muasic loud and long,

Twould build that dome in air,

That sunny dome! Those caves of ice!
And all who heard should see them there,
And all should cry, Beware! Beware!

8. T. Coleridge, Kubla Khan

Naturally all this business about stresses and strains is only a
means to an end; that is, to enable us te design safer and more
effective structures and devices of one kind or another and to
understand better how such things work.

Apparently Nature does not have to bother. The lilies of the
field toil not, neither do they calculate, but they are probably
excellent structures, and indeed Nature is generally a better engi-
neer than man. For one thing she has more patience and, for
another, ber way of going about the design process is quite
different.

In living creatures the broad general arrangement or lay-out of
the parts is controlled during growth by the RN A-D N A mecha-
nism — the famous ‘double helix” of Wilkins, Crick and Watson_*
However, in each individual plant or animal, once the general
arrangement has been achieved, there is 2 good deal of latitude
about the structural details. Not only the thickness, but also the
composition of each load-carrying component is determined, to a
considerable extent, by the use which is actually made of it and
by the forces which it has to resist during life.+ Thus the propoz-
tions of a living structure tend to become optimized with regard
to its strength. Nature seems to be a pragmatic rather than a

*See, for instance, The Dorble Helix, by James D. Watson, Weidenfeld &

Nicolson, 1968. : ]
1 The process also works in reverse; the bones of astronauts lose calcium
and become weaker after a period of weightlessness in space,
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mathematical designer; and, after all, bad designs can always be
eaten by good ones,

Unfortunately, these design methods are not, as yet, available
to human engineers, who are therefore driven to use ¢ither guess-
work or calculation or, more ofien, some combination of the two.
Both for safety and for economy it is clearly desirable to be able
to predict how the various parts of an engineering structure will
share the load between them and so to determine how thick or
how thin they ought to be. Again, we generally want to know what
deflections to expect when a structure is loaded, because it may be
just as bad a thing for a structure to be too flexible as for it to be
too weak,

French theory versus British pragmatism

Once the basic concepts of strength and stiffness had been stated
and understood, a considerable number of mathematicians set
themselves to devise techniques for analysing elastic systems oper-
ating in two and three dimensions, and they began to use these
methods to examine the behaviour of many different shapes of
structures under loads. It happened that, during the first half of
the nineteenth century, most of these theoretical elasticians were
Frenchmen. Although very possibly there is something about
elasticity which is peculiarly suited to the French temperament,*
the practical encouragement for this research seems to have core,
directly or indirectly, from Napoleon I and from the Ecole Poly-
technique, which was founded in 1794. _

Because much of this work was abstract and mathematical it
was not understood or gemerally accepted by most practising
engineers until about 1850. This was especially the case in England
and America, where practical men were regarded as greatly
superior to ‘mere theoreticians’. And besides, one Englishman
had always beaten three Frenchmen. Of the Scottish engineer,

* Almost the only woman to have gained distinction in elasticity, Mademoi-
selle Sophie Germain (1776-1831), was French. It may be relevant that two
of our most highly educated and theoretically-minded engineers during this
period, Sir Marc Brunel (1769-1849) and his son, Isambard Kingdom Brunel
{1806-39), were of French origin.
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Thomas Telford (1757-1834), whose magnificent bridges we can
still admire, it is related that:

He had a singular distaste for mathematical studies, and never even
made himself acquainted with the elements of geometry; so remarkable
indeed was this peculiarity that when we had occasion to recommend to
him a young friend as a neophyte in his office, and founded our recom-
mendation on his having distinguished himself in mathematics, he did
not hesitate to say that he considered such acquirements as rather dis-
qualifying than fitting him for the situation.

Telford, however, really was a great man, and, like Nelson, he
tempered his confidence with an attractive humility. When the
heavy chains for the Menai suspension bridge (Plate 11) had been
hoisted successfully in the presence of a large crowd, Telford was
discovered, away from the cheering spectators, giving thanks on
his knees.t

Not all engineers were as inwardly humble as Telford, and
Anglo-Saxon attitudes at this time were often tinged, not only
with intellectual idleness, but also with arrogance. Even so, scep-
ticism about the trustworthiness of strength calculations was not
unjustified. We must be clear that what Telford and his col-
leagues were objecting to was not a numerate approach as such —
they were at least as anxious as anybody else to know what forces
were acting on their materials — but rather the means of arriving
at these figures. They felt that theoreticians were too often blinded
by the elegance of their methods to the neglect of their assump-
tions, so that they produced the right answer to the wrong sum.
In other words, they feared that the arrogance of mathematicians
might be more dangerous than the arrogance of pragmatists, who,
after all, were more likely to have been chastened by practical
experience.

Shrewd North-Country consulting engineers realized, as all
successful engineers must, that when we analyse a situation mathe-

1The British tradition oftotally ignoring mathematics has been splendidiy
continued in the present century by & number of distinguished engineers,
notably Sir Henry Royce, who did, after all, create the *best car in the
world’,
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matically, we are really making for ourselves an artificial working
model of the thing we want to examine. We hope that this alge-
braical analogue or model will perform in a way which resembles
the real thing sufficiently closely to widen our understanding and
to enable us to make usefut predictions.

With fashionable subjects. like physics or astronomy the cor-
respondence between model and reality is so exact that some
people tend to regard Nature as a sort of Divine Mathematician,
However attractive this doctrine may be to earthly mathema-
ticians, there are some phenomena where it is wise to use mathema-
tical analogies with great caution, The way of an eagle in the air;
the way of a serpent upon a rock; the way of a ship in the midst of
the sea and the way of a man with a maid are difficult to predict
analytically. One does sometimes wonder how mathematicians
ever manage to get married. After King Solomon had built his
temple, he would probably have added that the way of a structure
with a load has a good deal in common at least with ships and
eagles,

The trouble with things like these is that many of the real
situations which are apt to arise are so complicated that they
cannot be fully represented by one mathematical model. With
structures there are often several alternative possible modes of
failure, Naturally the structure breaks in whichever of these ways
turns out to be the weakest — which is too often the one which
nobody had happened to think of, let alone do sums about.

A deep, intuitive appreciation of the inherent cussedness of
materials and structures is one of the most valuable accomplish-
ments an engineer can have, No purely intellectual quality is
really a sobstitute for this, Bridges designed upon the best
‘modern’ theories by Polytechniciens like Navier sometimes fell
down. As far as I know, none of the hundreds of bridges and
other engineering works which Telford built in the course of his
long professional life ever gave serious trouble, Thus, during the
period when French structural theory was outstanding, a great
proportion of the railways and bridges on the Continent were
being built by gritty and taciturn English and Scottish engineers
who had little respect for the calculus.
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Factors of safety and factors of ignorance

All the same, after about 1850 even British and American engi-
neers did begin to do calculations about the strength of important
structures, such as large bridges. They calculated the highest
probabile tensile stresses in the structure by the methods of the
day, and they saw to it that these stresses were less than the official
‘tensile strength® of the material. To make Guite sure, they made
the highest calculated working stress much less — three or four or
even seven or eight times less — than the strength of the material as
determined by breaking a simple, smooth, parallel-stemmed test-
piece.* This was called ‘applying a factor of safety’. Any attempt
to save weight and cost by reducing the factor of safety was only
too likely to lead to disaster,

Accidents were very apt to be put down as due to ‘defective
material’, and a few of them may have been. Metals, of course,
do vary in strength between different samples, and there is always
some risk of poor material being built into a structure. However,
iron and steel usually vary in strength by only a few per cent and
very, very rarely by anything like a factor of three or four, let
alone seven or eight. Practically always discrepancies as big as
this between the theoretical and the actual strengths are due to
other causes; at some unknown place in the structure the real
stress must be very much higher than the calculated stress, and
thus the *factor of safety® is sometimes referred to as the ‘factor
of ignorance’.

Nineteenth~century engineers usually made things which were
subject to tension stresses, such as boilers and beams and ships,
out of wrought iron or mild steel, which had, with some justice,
the reputation of being ‘safe’ materials. When a large factor of
ignorance had been applied to the strength caiculations, such
structures often turned out to be quite satisfactory, although in
fact accidents continued to occur fairly frequently.

Trouble became increasitigly common with ships. The demand
for speed and lightness led both the Admiralty and the ship-
builders into difficulties, since ships tended to break in two at sea

* Factors of safety as high as eighteen were used in the design of connect-
ing-rods for steam locomotives at least as late as 1910.
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although the highest calculated stresses seemed to be quite safe
and moderate. In 1901, for instance, a brand-new turbine
destroyer, H.M.S. Cobra, one of the fastest ships in the world,
suddenly broke in two and sank in the North Sea in fairly ordinary
weather. Thirty-six lives were lost, Neither the subsequent court
martial nor the Admiralty Committee of Inquiry shed much light
on the technical causes of the accident,

In 1903, therefore, the Admiralty made and published a num-
ber of experiments with a similar destroyer, H.M.5. Wolf, at sea
in rough weather. These showed that the stresses deduced from
strain measurements made on the hull under real conditions were
rather less than those calculated by the designers before the ship
was built, Since both sets of stresses were far below the known
“strength’ of the steel from which the ship was constructed — the
factor of safety being between five and six - thesé experiments
were only moderately enlightening.

Stress concentrations — or how to start a crack

The first important step towards the understanding of problems
of this kind was achieved, not by very expensive practical experi-
ments on full-scale structures, but by theoretical analysis. In 1913
C. E. Inglis, who was later Professor of Engineering at Cambridge
and was the very opposite of a ‘remote and ineffectual don’,
published a paper in the Transactions of the Institution of Naval
Architects whose consequences and applications extend far be-
yond the strength of ships.

What Inglis said about elasticians was really very much what
Lord Salisbury is supposed to have said about politicians, namely
that it is a great mistake to use only small-scale maps. For nearly
a century elasticians had been content to plot the distribution of
stresses in broad, general or Napoleonic terms. Inglis showed that
this approach can be relied on only when the material and the
structure have smooth surfaces and no sudden changes of shape.

Geometrical irregularities, such as holes and cracks and sharp
comners, which had previously been ignored, may raise the local
stress — often only over a very small area — very dramatically
indeed. Thus holes and notches may cause the stress in their
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immediate vicinity to be much higher than the breaking stress of
the material, even when the general level of stress in the surround-
ing neiphbourhood is low and, from general calculations, the
structure might appear to be perfectly safe.

This fact had been known, of course, in a general kind of way,
to the people who put the grooves in slabs of chocolate and to
those who perforate postage stamps and other kinds of paper. A
dressmaker cuts a “‘nick’ in the selvedge of a piece of cloth before
she tears it. Serious engineers, however, had not shown much
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Figure 1. Stress trajectories in a bar uniformly loaded in tension (a) without
and (&) with a crack.

interest in these fracture phenomena, which were not considered
to belong to “proper’ engineering.

That almost any hole or crack or re-entrant in an otherwise
continuous solid will cause a local increase of stress is easily ex-
plained. Figure la shows a smooth, uniform bar or plate of
material, subject to a uniform tensile stress, s, The lines crossing
the materiat represent what are called *stress trajectories’, that is
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to say, typical paths by which the stress is handed on from one
molecule to the next. In this case they are, of course, straight
parallel lines, uniformly spaced.

If we now interrupt a number of these stress trajectories by
making a cut or a crack or a hole in the material, then the forces
which the trajectories represent have to be balanced and reacted
in some way. What actually happens is more or less what one
would expect; the forces have to go round the gap, and as they do
so the stress trajectories are crowded together to a degree which
depends chiefly upon the shape of the hole (Figure 1b). In the case
of a long crack, for instance, the crowding around the tip of the
crack is often very severe. Thus in this immediate region there is
more force per unit area and so the local stress is high (Plate 2).

Inglis was able to calculate the increase of stress which occurs at
the tip of an elliptical hole in a solid which obeys Hooke’s law.*
Although his calculations are strictly true only for elliptical holes
they apply with sufficient accuracy to openings of other shapes.
Thus they apply not only to port-holes and doors and hatchways
in ships and aeroplanes and similar structures but also-to cracks
and scratches and holes in all sorts of other materials and devices
- to fillings in teeth, for example.

In terms of simple algebra what Inglis said was that, if wehave a
piece of material which is subject to a remotely applied stress s,
and if we make a notch or a crack or a réwentrant of any kind in it
having a length or depth L, and if this crack or reentrant has a
radius at the tip of r, then the stress at and very near to the tip is
no longer s but is raised to:

s(1+2 J E)
r
For a semi-circular notch or a round hole (when r = L) the

stress will thus have the value of 3s; but for openings like doors
and hatchways, which often have sharp corners, r will be small

* As a matter of fact the effect of a round holein a plate under tension had
been calculated by Kirsch in Germany in 1898 and that of an elliptical hole
by Kotosoff in Russia in 1910, but, as far as I know, little notice was taken
of these results in English shipbuilding circles.
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and L large, and so the stress at the corners may be very high -
quite high enough to account for ships breaking in two.

In the Wolf experiments, extensometers, or strain-gauges, were
clamped to the ship’s plating in various positions. By this means
the extension or elastic movement of the steel plates could be read
off. From this the strain - and thus the stress — in the steel was
easily calculated. As it happened none of the extensometers was
placed close to the corners of hatchways or other openings. If this
had been done some very frightening readings would almost
certainly have been obtained when the ship was plunging into a
head sea in Portland Race.

When we turn from hatchways to cracks the situation is even
worse, because, while cracks are often centimetres or even metres
long, the radius of the tip of the crack may be of molecular dimen-

sions - less than a millionth of a centimetre — so that +/Ljr is vety
large; thus the stress at the tip of the crack may well be a hundred
or even a thousand times higher than the stress elsewhere in the
material.

If Inglis’s results had to be taken entirely at their face value it
would scarcely be possible to make a safe tension structure at all.
In fact the materials which are actually used in tension, metals,
wood, rope, Fibreglass, textiles and most biclogical materials, are
‘tough’, which means, as we shall see in the next chapter, that they
contain more or less elaborate defences against the effects of stress
concentrations. However, even in the best and toughest of mate-
rials, this protection is only relative, and every tension structure is
susceptible to some extent,

The ‘brittle solids’, however, which are used in technology, like

_glass and stone and concrete, do not have these defences. In other

words they correspond pretty closely to the assumptions which
were made in Inglis’s calculations. Moreover we do not need to
put in stress-raising notches artificially in order to weaken these
materials. Nature has already done this liberally, and real solids
are nearly always full of all kinds of small holes and cracks and
scratches, even before we begin to make a structure out of them.

For these reasons it is rash to use any of the brittle solids in
situations where they may be subject to appreciable tension
stresses. They are, of course, very widely used in masonry and for
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roads and so on where they are, at least officially, in compression.
Where we cannot avoid a certain amount of tension, for instance
in glass windows, we have to take care to keep the tensile stresses
very small indeed and to use a large factor of safety.

In talking of stress conceftrations we must note that weakening
effects are not exclusively caused by holes and cracks and other
deficiencies of material. One can also cause stress concentrations
by adding material, if this induces a sudden local increase of stiff-
ness, Thus if we put a new patch on an old garment or a thick
plate of armour on the thin side of a warship, no good will come
of it,*

The reason for this is that the stress trajectories are diverted just
as much by an area which strains too little, such as a stiff patch, as
they are by an area which strains too much, such as a hole. Any-
thing which is, so to speak, elastically out of step with the rest of
the structure will cause a stress concentration and may therefore
be dangerous.

Whien we seek to *strengthen’ something by adding extra mate-
rial we have to be careful we do not in fact make it weaker. The
inspectors employed by insurance companies and government
departments who insist on pressure vessels and other structures
being ‘strengthencd’ by the addition of extra gussets and webs are
sometimes responsible, in my experience, for the very accidents
which they have tried to prevent.

Nature is generally rather good at avoiding stress concentra-
tions of this and otherkinds. However, one would think that stress
concentrations must be of significance in orthopaedic surgery,
especially when the surgeon fits a stiff metal prosthesis to a
relatively flexible bone.

NOTE. In Inglis’s formula {p. 67) L is the length of a crack pro-
ceeding  inwards from the surface, i.¢. half the length of an
internal crack.

*'Partial strength produces pgeneral weakness’ (Sir Robert Seppings
{1767-1840), Surveyor of the Navy 1813-32).



Chapter5 Strain energy and modern fracture
mechanics

— with a digression on bows, catapults and
kangarcos

An unwise man doth not well consider this: and a fool
doth not understand it.

Psalm 92

As we said in the last chapter, it was the considerable achievement
of the nineteenth-century mathematicians to find ways of calculat-
ing the distribution and the magnitude of the stresses in most kinds
of structures in a rather broad, generalized or academic way,
However, many practical engineers had not long come to terms
with calculations of this kind before Inglis planted the seeds of
doubt at the back of their minds. Using the elasticians’ own
algebraical methods, he pointed out that the existence of even a
tiny unexpected defect or irregularity in an apparently safe struc-
ture would be able to cause an increase of local stress which might
be greater than the accepted breaking stress of the material and so
might be expected to cause the structure to break prematurely.

In fact, using Inglis’s formula (p. 67), it is easy to calculate that,

if you were to scratch a girder of the Forth railway bridge, mode-
rately hard, with an ordinary sharp pin, the resulting stress con-
centration should be sufficient to cause the bridge to break and
fall into the sea. Not only do bridges seldom fall down when they
are scratched with pins, but all practical structures such as
machinery and ships and aeroplanes are infested with stress con-
centrations caused by holes and cracks and notches which, in real
life, are only rarely dangerous. In fact they generally do no harm
at all. Every now and then, however, the structure does break; in
which case there may be a very serious accident.

When the implications of Inglis’s sums began to dawn upon
engineers some fifty or sixty years ago, they were apt to dismiss
the whole problem by invoking the ‘ ductility” of the metals which
they were accustomed to use. Most ductile metals have a stress-
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strain curve which is shaped something like figure 9, and it was
commonly said that the overstressed metal at the tip of a crack
simply flowed in & plastic sort of way and so relieved itself of any
serious excess of stress. Thus, in effect, the sharp tip of the crack
could be considered as ‘rounded off® so that the stress concentra-
tion was reduced and safety was restored.

Like many official explanations, this one has the merit of being
at least partly true, though in reality it is very far from being the
whole story. In many cases the stress concentration is by no means
fully relieved by the ductility of the metal, and the local stress
does, in fact, quite often remain much higher than the commonly
accepted *breaking stress’ of the material as determined from
small specimens in the laboratory and incorporated in printed
tables and reference books.

For many years, however, embarrassing speculations which
were likely to undermine peoples’ faith in the established methods
of calculating the strength of structures were not encouraged.
When I was a student Inglis’s name was hardly ever mentioned
and these doubts and difficulties were not much spoken about in
polite engineering society. Pragmaticalily, this attitude could be
partially justified, since, given a judiciously chosen factor of
safety, the traditional approach to strength calculations — which
virtually ignores stress concentrations — could generally be relied
upon to predict the strength of most conventional metal struc-
tures. In fact it forms the basis of nearly all of the safety regula-
tions which are imposed by governments and insurance com-
panies today.

" However, even in the best engineering circles, scandals occurred
from time to time, In 1928, for instance, the White Star liner
Majestic of 56,551 tons, which was then the largest-and finest ship
in the world, had an additional passenger lift installed. In the
process rectangular holes, with sharp corners, were cut through
several of the ship’s strength decks. Somewhere between New
York and Southampton, when the ship was carrying nearly 3,000
people, a crack started from one of these lift openings, ran to the
rail, and proceeded down the side of the ship for many feet before
it was stopped, fortuitously, by running into a port-hole. The
liner reached Southampton safely and neither the passengers nor
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the press were-told. By an extraordinary coincidence, very much
the same thing happened to the second largest ship in the world,
the American transatlantic liner Levigthan, at about the same
time. Again the ship got safely into port and publicity was
avoided. If the cracks had run a little further, so that these ships
had actnally broken in two at sea, the loss of life might have been
SeVere. .

Really spectacular accidents of this kind to large structures such
as ships and bridges and oil-rigs became common only during and
after the last war, and latterly they have been growing more, and
not less, frequent. What has emerged rather painfully over a
number of years — at a vast cost in life and property - is that,
although the traditional view of elasticity as hammered out by
Hooke and Young and Navier and by scores of nineteenth-
century mathematicians is extremely useful and certainly ought
not to be neglected or spurned, yet it is not really enough, by
itself, to predict the failure of structures - especially large ones -
with sufficient certainty.

The approach to structures through the concept of energy

1 saw the different things you did,
But always you yourself you hid.
1felt you push, I heard you call,
I could not see yourself at all.

R. L. Stevenson, A Child’s Garden of Verses

Until fairly recently elasticity was studied and taught in terms of
stresses and strains and strength and stiffness, that is to say,
essentially in terms of forces and distances. This is the way in
which we have been considering it so far, and indeed 1 suppose
that most of us find it easiest to think about the subject in this
manner. However, the more one sees of Nature and technology,
the more one comes to look at things in terms of energy. Such a
way of thinking can be very revealing, and it is the basis of the
modern approaches to the strength of materials and the behaviour
of structures; that is, to the rather fashionable science of *fracture
mechanics’, This way of looking at things tells us a great deal, not
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only about why engineering structures break, but also about all
sorts of other goings-on - in history and in biology, for instance,
It is a pity, therefore, that the whole idea of energy has been

~ confused in many people’s minds by the way in which the word is -

often used colloquially. Like stress® and *strain’, ‘energy’ is used
to refer to a condition in human beings: in this case one which
might be described as an officions tendency to rush about deing
things and pestering other people. This use of the word has really
only a tenuous connection with the precise, objective, physical
quantity with which we are now concerned.

The scientific kind of energy with which we are dealing is
officially defined as ‘capacity for doing work’, and it has the
dirnensions of ‘force-multiplied-by-distance’, So, if you raise a
weight of 10 pounds through a height of 5 feet, you will have to do
50 foot-pounds of work, as a result of which 50 foot-pounds of
additional energy will be stored in the weight as what is called
“‘potential energy’. This potential energy is locked up, for the time
being, in the system, but it can be released at will by allowing the
weight to descend again. In doing so the released energy could be
employed in performing 50 foot-pounds’ worth of useful tasks,
such as driving the mechanism of a clock or breaking the ice on a
pond.

Energy can exist in a great variety of different forms — as
potential energy, as heat energy, as chemical energy, as electrical
energy and so on. In our material world, every single happening
or event of whatever kind involves a conversion of energy from
one into another of its many forms. In a physical sense that is
what ‘happenings’ or ‘events’ are about. Such transformations of
energy take place only according to certain closely defined rules,
the chief of which is that you can’t get something for nothing.
Energy can neither be created nor destroyed, and so the total
amount of energy which is present before and after any physical
transaction will not be changed. This principle is called “the
conservation of energy’. .

Thus energy may be regarded as the vniversal currency of the
sciences, and we can often follow it through its various transforma.
tions by means of a sort of accounting procedure which can be
highly informative. To do this, we need to use the right kind of
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units; and, rather predictably, the traditional units of energy are
in a fine, rich state of muddle. Mechanical engineers have tended
to use foot-pounds, physicists are addicted to ergs and electron-
volts, chemists and dietitians like to use calories, but our gas bills
come in therms and our electricity bills in kilowatt-hours. Natural-
ly, all these are mutually convertible, but nowadays there is a good
case for using the S [ unit of energy, which is the Joule, that is the
work done when one Newton acts through one metre. *

Although we can measure it in guite precise ways, many people
find energy a more difficult idea to grasp than, say, force or
distance. Like the wind in Stevenson’s verse we can only appre-
hend it through its effects. Possibly for this reason the concept of
energy came rather late into the scientific world, being introduced
in its modern form by Thomas Young in 1807. The conservation
of energy was not universally accepted until quite late in the nine-
teenth century, and it is really onty since Einstein and the atom
bomb that the enormous importance of energy as a unifying con-
cept and as an underlying reality has been sufficiently appreciated.

There are, of course, a great many ways, chemical, electrical,
thermal and so on, of storing energy until it is wanted. If we are
going to use a mechanical means then we could use the method we
have just been talking about, that is to say, the potential energy of
a raised weight. However, this is rather a crude way of storing
energy and, in practice, strain energy, the energy of a spring, is
generally more useful and it has much more widespread applica-
tions in biology and engineering.

1t is obvious that energy can be stored in a wound-up spring,
but, as Hooke pointed out, official springs are ounly a special case
of the behaviour of any solid when it is loaded. Thus every elastic
material which is under stress contains strain energy, and it does
not make much difference whether the stress is tensile or compres-
sive.

If Hooke’s law is obeyed, the stress in a material starts at zero
and builds up to a maximum when the material is fully stretched.
The strain energy per unit volume in the material will be the

*1 Joule {1J) = 107 ergs = 0-734 foot-pound = 0-239 calories. Note that
one Joule is roughly the ehergy with which an ordinary apple would hit the
floor ifit fell off an ordinary table.
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£

Stress

Figure 1. Strain energy = area under stress-strain curve 422,

shaded area under the stress-strain diagram (Figure 1), which is
3 X stress X strain = }se,

Cars, skiers and kangaroos

We are all of us familiar with strain energy in the springs of our
car. In a vehicle with no springs there must be violent interchanges
of potential and kinetic energy (energy of motion) every time a
wheel passes over a bump. These energy changes are bad for the
passengers and bad for the vehicle. Long ago some genius in-
vented the spring, which is simply an energy reservoir which
enables changes of potential energy to be stored temporarily as
strain energy so as to smooth the ride and prevent the vehicle and
its occupants from being racketed to bits. '

Latterly engineers have spent a great deal of time and effort on
the improvement of car suspensions, and no doubt they have been
very clever about it. However, cars and lorties run on roads whose
main purpose is, after all, to provide a smooth surface. The sus-
pension of the car has only to even out the minor or residual
bumps. The problem of designing a suspension for a car which
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had to be driven really fast across rough country would be a very
difficult one. In order to store enough energy to cope with such a
situation the steel springs would have to be very large and heavy
and would in themselves constitute so much ‘unsprung weight’
that the whole project might prove to be impracticable.

Consider now the situation of a skier. In spite of the snow
covering, most ski-runs are vastly more bumpy than any normal
- road. Even if a typical run could be covered with some effective
non-skid surface, such as sand, so as to enable a car to go on it
without slipping, any attempt to drive the car down the run at the
speed of a fast skier — say 50 m.p.h. — would be suicidal, because
the suspension would be completely inadequate to absorb the
shocks. But, of course, this is exactly what the body of a skier has
to do. In fact, much of this energy seems to be absorbed by the
tendons in our legs, which, taken together probably weigh less
than a pound.* Thus, if we are to ski fast without disaster or to
perform other athletic feats, our tendons have to be able to store
reliably and to give up again very large amounts of energy. This is
partly what they are for.

Some approximate figures for the strain energy storage capabi-
lities of various materials are given in Table 3. The relative effi-
ciencies of natural materials and of metais may come as a surprise
to engineers, and some light is thrown on the performance of
skiers and other animals by the figures for tendon and steel. Et
will be seen that the strain energy storage per unit weight is about
twenty times higher for tendon than it is for modern spring steels.
Although, considered ‘as devices for storing strain energy, skiers
are more efficient than most machines, yet even a trained athlete
cannot compete with a deer upon a hillside or a squirrel or a
monkey in a tree. Tt might be interesting to know the percentage
of the body weight given up to tendon in these animals, as
compared with people.

Animals like kangaroos progress by bounding, At each landing,

Energy stored
Joules per
kilogram

kilograms per
cubic metre

Pensity

Strain energy stored
Joules x 106 per
cubic metre

MN/m?

70
700
400
120
70

90

7

Working stress
p.s.i.

Working strain

%
o
¢
0
0
8
4
300

*Since the oxygen consumption of the body is said to be higher during
down-hill ski-ing than in any other human activity, much energy must also
be got rid of in the muscles. However, most of the energy absorbed by the
muscles is irrecoverable, and so the elastic strain energy storage of the
tendons is no doubt to be preferred.

Approximate strain energy storage capacities of various solids

Modern spring steel

Ancientiron
Bronze

TABLE 3
Material
Yew wood
Tendon
Hom
Rubber
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energy has to be stored in the creature’s tendons, and I have been
told by an Australian correspondent that the strain energy charac-
teristics of kangaroo tendon are exceptionally good; but unfor-
tunately I cannot quote any accurate figures. It occurs to me,
however, that, if anyone should wish to revive the pogo-stick ina
more efficient form, there would be a good deal to be said for
making the spring from kangaroo tendon, or indeed from any
form of tendon. Light aircraft, which have to be designed for bad
landings on rough ground, often have their undercarriages sprung
by means of rubber cords which have a strain energy capacity
much better than that of steel springs, and are also better than
tendon, though they are less durable,

Besides its role in the suspensions of cars and aeroplanes and
animals, strain energy plays an even more important part in the
strength and fracture of all kinds of structures, However, before
we pass on to the subject of fracture mechanics it may be worth
spending a little time in discussing yet another application of
strain energy, that is in weapons such as bows and catapults.

Bows

T will bring you the great bow of the divine Odysseus, and whosoever shall
most easily string the bow with his hands, and shoot through all the twelve
* axes, with him will I go and forsake this house, this house of my marriage,
so beautiful and filled with fair things, which I think I shall yet remember,
aye, in a dream.

Penelope, in Homer, Odyssey XXI

The bow is one of the most effective ways of storing the energy of
human muscles and releasing it to propel a missile weapon. The
Engtish longbow, which did so much execution at Crecy (1346)
and Agincourt (1415), was nearly always made from yew. Because
yew timber has not much commercial value nowadays, little
scientific work was done on it until recentiy. However, my col-
league Dr Henry Biyth, who is doing research on ancient weapons,
has ascertained that yew (Taxus baccata) has a fine-scale morpho-
logy which is rather different from other timbers and seems to be
peculiarly adapted for storing strain energy. Thus yew probabiy
really is better than otber woods for making bows.
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Contrary to popular belief, English longbows were not, as a
rule, made from English yew-trees, whether grown in church-
yards or elsewhere. Most English bows were made from Spanish
vew and it was legally compulsory to import consignments of
Spanish bow-staves with each shipment of Spanish wine. In fact
the yew-tree grows well, not only in Spain, but all over the
Mediterranean area. It is growing wild today among the ruins of
Pompeii for instance. In spite of this, one seldom hears of the use
of yew bows in Spain or in the Mediterranean countries, either
during the Middle Ages or in antiquity. Their use was almost
confined to England and France and, to some extent, Germany
and the Low Countries. English depredations generally stopped
somewhere around Burgundy and hardly ever spread south of the
Alps or the Pyrenees.

Although these facts seem surprising at first sight, Henry Blyth
points out that, because of its rather special constitution, the
mechanical properties of yew deteriorate more rapidly with in-
creasing temperature than do those of other timbers. A yew bow
cannot be used reliably above 35° C. As a weapon it is therefore
pretty well confined to cool climates and is unsuitable for use in
the Mediterranean summer. Thus, although yew wood was used
for arrows, it was seldom used for bows in Mediterrancan
countries.

For this reason what was called a *composite’ bow was
developed in these countries. Such bows had a core of wood
which, being near the middie of the thickness of the bow, was only
lightly stressed. To this core was glued a tension surface made
from dried tendon and a compression face made from horn, Both -
these materials are even better at storing energy than yew.
Furthermore they retain their mechanical properties better than
yew in hot weather. After all, an animal normally operates at
about 37° C. In practice, tendon dees not deteriorate appreciably
below about 55° C. As against this, dried tendon slackens and
behaves badly in damp weather. )

Composite bows of this kind were used both in Turkey and
elsewhere down to comparatively recent times. Lord Aberdeen
{1784-1860), travelling to the Congress of Vienna in 1813, wrote
of the use of Tartar troops, armed with what seem to have been
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composite bows, against the armies of Napoleon which were re-
treating through eastern Europe. There is a good deal of evidence
that composite bows were better in many respects than the English
longbow. However, whereas the longbow was essentially a cheap
and simple weapon to manufacture, the composite bow was a
much more sophisticated affair, and presurnably expensive. Greek
bows were composite bows, and the bow of Odysseus, like that of
Philoctetes, seems to have been a pretty special job.

Which brings us back to the unfortunate Penelope and the task
she set her suitors of stringing the bow of Odysseus. As we all
know, this turned out to be beyond the strength of any of them,
even the technically-minded Eurymachus: ‘ And now Eurymachus
was handling the bow, warming it on this side and on that before
the heat of the fire; yet even so he could not string it, and in his
great heart he groaned mightily.” But after all, why bother? Why
didn’t the suitors, or Odysseus, or anybody else, just use a longer
string?

The answer to this is ‘for a very good scientific reason’ — which
is as follows. The energy which a man can put into a bow is
limited by the characteristics of the human body. In practice, one

_can draw an arrow back about 0-6 metres (24 inches), and even a
strong man cannot pull on the string with a force of more than
about 350 Newtons (80 1b.). It follows that the available muscular
energy must be around 0-6 metre x 350 Newtons, or about 210
Joules. This is the most that is available, and we want to store as
much of it as possible as strain energy in the bow.

If we suppose that the bow is initially virtually unstressed and
that the string is almost slack to begin with, then the archer
starts to draw his arrow with a pull which is initially nearly zero,
and he onty works up to his greatest pull when the siring reaches
its maximum extension. This is expressed diagrammatically in
Figure 2. In such a case, the energy put into the bow is the area of
the triangle A BC, which cannot be more than half of the available
energy, i.e. 105 Joules.

In practice the measured energy which was stored in an English
longbow was a little less than this figure. However, Homer speci-
fically says that the bow of Odysseus was palintonos, that is, “bent
or stretched backwards’, In other words the bow was initially
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Archer’s maximum pull
}‘ TIONTT >

a— 06 metre ~—-m
Archer’s maximum extension

Figure 2. Energy stored in bow = § % 0-6 x 350 = 105 Joules.*
bent in the opposite or ‘wrong” direction, so that considerable

force had to be applied to it before it could be strung.
When the bow is strung in this way the archer is no longer

Figure 3. Greek stringing bow (vase painting).

starting to draw the bow from an initial condition of zero stress
and strain; and, by intelligent design, it is now possible to arrange
for the force-extension diagram to look something like Figure 4.

‘* Figures 2 and 4 are, of course, schematic. Generally the force-draw
diagram will not be a straight line; but the same principle applies.
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Figure 4. 'Why a bow is *stretched backwards’ ot palintonos. Energy stored
in bow is now area ABCD = 170 Joules.

The area ABCD under such a diagram is now a very much
higher fraction of the total available energy and might perhaps
reach about 80 per cent of it. So it is possible that about 170 Joules
of energy can now be stored in the bow, as against only about 105
Joules for the bow that is not palintonoes. This is clearly a great
improvement for the archer — quite apart from any advantage it
might have had for Penelope.

In fact all bows are more or less pre-stressed, in the sense that
some kind of effort is needed to string them. However, since the
lIongbow is a *self-bow’, that is to say, it is made from a stave
which has been split from a log of timber and is therefore initially
nearly straight, the effect in this case was small. It is much easier
to arrange for the best initial shape with 2 composite bow, and
these had usually a very characteristic form, from which we get
theshapeofa* Cupid’s bow’ (Figure 5).

Because the strain energy storage of horn and tendon, as
materials, is better than that of yew, a composite bow can be made
shorter and lighter than a wooden one, This is why we talk of a
wooden bow as a ‘long® bow. The composite bow could be made
small enough to be used on horseback, as was indeed done by the
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Parthians and the Tartars. The Parthian bow was handy enough
for the cavalrymen to be able to shoot backwards, as they re-
treated, at their Roman pursuers; from this we get the phrase ‘a
Parthian shot’,

[y
[}

Wi
A

Figure 5. Composite bow, unstrung and strung.

R

Catapults

The greatest period of classical Greece came to an end when
Athens fell in 404 B.c., and during the fourth century the Greek
democratic governments declined and were superseded by dicta-
torships or ‘tyrannies’, which may have been more effective
militarily, politically and economically. Both ashore and afloat
the technology of warfare was changing, and the new rulers con-
sidered that there was a need for more modern and more mecha-
nized weapons. Moreover, as the absolute masters of increasingly
prosperous states, the dictators could well afford to pay the bills.
Development began in Greek Sicily. Dionysius I was a re-
markable man who had risen from being a petty clerk in a govern-
ment office to become Tyrant of Syracuse. During most of his
reign, which lasted from 405 to 367 B.c., he made his country the
leading power in Europe. As a part of his military programme he
founded what was probably the first government research labora-
tory for weaponry, and for this establishment he recruited the
best mathematicians and the best craftsmen from all over the
Greek world. :
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The natural starting point for Dionysius’s experts was the
traditional composite hand-bow. If one mounts such a bow upon
some kind of stock and arranges to draw the string by means of
mechanical gearing or levers, then the bow itself can be made
much stiffer and so be enabled to store and deliver several times as
much energy. Thus we arrive at the cross-bow, whose missile can
generally penetrate any practicable thickness of body-armour.*
The cross-bow has remained in use, with only minor variations,
down to the present time. It is said to be in use in Ulster today.
However, it is curious that, as a weapon, it never seems to have
played any realty decisive military role.

Furthermore, the cross-bow is essentially an infantry or anti-
personne! weapon and it never fulfilled the requirement for a
weapon which could do worthwhile damage to the hulls of ships
or to fixed fortifications. Although the Syracusans enlarged the
cross-bow type of catapult and put it on a proper mounting, like a
gun-mounting, there seem to be certain physical limitations to
this line of development, and catapults of the bow type do not
seem ever to have been powerful enough to breach the heavy
masonry of fortresses.t

The next step was therefore to abandon the bow type of con-
struction and to store the strain energy in twisted skeins of ten-
don,} much like the skeins of rubber cord which are used to drive
model acroplanes. In such a skein ali the cords, that is, the whole
of the tendon material, are being stretched in tension as the skein
is twisted, so that as an energy storage device it is very effective
indeed.

There are various ways in which skeins of tendon rope can be

* On the other hand the rate of shooting of a cross-bow cannot match that
of a hand-bow. The English longbow, for instance, could discharge up to
fourteen arrows a minute and thus, when used en masse, could put up a very
formidable cloud or barrage of missiles. It is calculated that abowut six million
arrows were shot at Agincourt.

tRecent finds at Kouklia in Cyprus indicate the existence of military
catapults during the fifth century, though nothing is known about them. In
any case Dionysius’s seems to have been the first ‘scientific’ approach to the
problem.

 These were probably derived from the ‘ Spanish windlass® used in ancient
ships, See Chapter 11, p. 224,
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used in weaponry, but by far the best was the device known to the
Greeks as the palintonon and to the Romans as the ballista. In
this very lethal piece of artillery there were two vertical tendon
springs, each of them twisted by means of a rigid arm or lever,
something like a capstan bar (Figure 6). The ends of these two
arms were joined by a heavy bowstring, and the whole device
worked much after the fashion of a bow. Indeed it got its Greek

Figure 6. A sketch of what original Greek catapults may have looked like,

name from the fact that, in their relaxed position, the two arms

point forward, like the arms of a composite bow; and the catapult
was strung (by means of a powerful winch) in much the same way
as a bow. The missile, which was often a stone ball, was propelled
down a track which also served to mount the windiass that was
needed to operate the weapon, whose draw force might be as high
as a hundred tons.

The Romans copied the Greek catapults and Vitruvius, who
was an artiltery officer under Julius Caesar, has left us a handbook
on ballistae which makes interesting reading, These weapons were
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made in sizes which ranged from one throwing a 5 1b. (2 kg) missile
to one throwing a 360 Ib. (150 kg) one. The effective range of all
sizes was about a quarter of a mile or 400 metres. The standard
Roman siege. ballista seems to have been one throwing a 90 1b.
(40 kg) ball.

At the final, dramatic, siege of Carthage in 146 B.C. the Romans
filled in part of the shallow lagoon which lies against the city wall
and proceeded to breach the defences with catapults. Archaeolo-
gists have recovered no fewer than 6,000 stone balls, weighing
90 Ib, each, from the site.

Although ship-mounted catapults were used by both Julius
Caesar and Claudius to clear the beaches of ancient Britons during
their assault-landings on this island, the catapult never became a
reaily dangerous ship-to-ship weapon. It seems likely that a
ballista big enough to sink a ship with a single shot would have
had a rate of shooting too slow for it to have had much chance of
hitting a moving vessel.

Catapults sometimes threw incendiary missiles, but fires could
generally be put out quite easily in simple ships which were full of
men. One ingenious admiral won a sea-battle in 184 B.c. by shoot-
ing at the enemy brittle pots filled with poisonous snakes, but this
lead does not seem to have been foliowed up. On the whole,
catapults were ot a sticcess at sea.

Nevertheless, the pafintoron or ballista was a most effective
device for land warfare, although its construction and main-
tenance were a very sophisticated bosiness indeed, and the Roman
artiflery officers and N.C.Q.s must have been highly competent
people. With the passing of the Roman Empire and of Roman
technology such weapons became impracticable and were for-
gotten.* Medieval siege-warfare was reduced to using the weight-
catapult or ‘trebuchet’. 7

This was a pendulum-like device using the potential energy of a

*During the 1940 invasion scare two versions of the Roman ballista were
n.ade for use by the Home Guard in England. These weapons were intended
to project petrol bombs against German tanks. However, since the range of
both of these catapults was only about a quarter of that of the classical
prototypes, it seems likely that their designers had omitted to read Vitruvius
sufficiently carefully,

Strain energy and modern fracture mechanics 87

raised weight, Even a large trebuchet was unlikely to involve
raising more than say a ton (10,000 Newtons) through about 10
feet (3 metres). Thus the greatest potential energy stored probably
did not much exceed 30,000 Joules. The same amount of strain
energy could be stored in ten or twelve kilograms of tendon. Thus
even a big trebuchet probably disposed of only about a tenth of
the energy of the palintonon. Furthermore the efficiency of energy

Figure 7. The trebuchet or medieval weight-catapult - a most inefficient -
contrivance.

conversion seems to have been much lower, At its best the tre-’
buchet could probably only make a nuisance of itself by lobbing
big stones over a fortress wall; any assault upon heavy masonry
would have been ineffectual.

Regarded as machines for the conversion of energy, the bow
and the palintonon both work on similar principles; it is not
generally realized just how efficient an energy exchange mechanism
1s involved. In crude machines like the trebuchet, most of the
energy which was available when the weapon was discharged went
into accelerating the heavy lever or throwing-arm of the device .
and was ultimately lost in the necessary stop or braking system.

With a bow or a palintonon, when the bowstring is first released,
some of the stored strain energy is communicated directly to the
missile as kinetic energy. More of the available energy, however,
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is being used to accelerate the arms of the bow or the catapult,
where it is temporarily stored as kinetic energy, much as it is in
the trebuchet. In this case, though, as the discharge mechanism
proceeds, the moving arms are slowed down, not by a fixed stop,
but by the bowstring itself as it straightens and tautens. This
further increases the tension in the string, enabling it to push yet

(@ (b)

© @

Figure 8. Diagram of the mechanism of the palintonon o ballista.

(a) Ready toshoot. All theenergyis stored in the tendon springs.

(b) Early stape of shooting operation. Heavy arms are being
accelerated and so pick up much of the energy from the
springs.

{c} Late stage of shooting operation. Heavy arms are being
decelerated by increased tension in the string, and so their
kinetic energy is transferred to the missile.

(d) Missile on its way, containing virtually all the energy which
was stored in the system.
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harder on the missile and so speed it on its way. Thus, much of the
kinetic energy stored in ‘L arms is recovered.

The mathematics of bows and catapults is difficult and, even
when one has written down the equations of motion, they cannot
be solved analytically. Fortunately, however, another colleague of
mine, Dr Tony Pretlove, has been sufficiently interested in the
problem to put the whole thing on a computer. It transpires that,
rather surprisingly, the energy transfer process is in theory vir-
tually 100 per cent efficient. In other words, practically the whole
of the strain energy which was stored in the device can be con-
verted into the kinetic energy of the missile. Therefore little energy
is wasted or left behind to provide a recoil or to damage the
weapon. In this respect, at least, bows and catapults are a great
improvement on guns,

One consequence of these facts is, I think, fairly well known to
most archers, at least in a practical sort of way. This is that one
must never, never, never ‘shoot’ a bow or a catapult without a
proper arrow or other appropriate missile. If this is attempted,
then there is no safe way of getting rid of the stored strain energy,
and, not only may the bow be broken, but the archer will very
possibly be hurt as weil.

Resilience or bounciness

A wet sheet and a flowing sea,

A wind that follows fast

And fills the white and rustiing saif
And bends the gallant mast.

Allan Cunningham, A Wer Sheet and a Flowing Sea

When Galileo settled down at Arcetri in 1633 to work on elasti-
city, one of the first questions he asked himself was * What are the
factors which affect the strength of a rope or a rod when it is
pulled ? Does the strength depend, for instance, upon the length
of the rope?' Elementary experiments showed that the force or
weight which is needed to break a uniform rope by pulling on it
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steadily is unaffected by how long it is. This result is what we
should expect from common sense, but the news has been some
time in getting around and one still meets quite a number of
people who are convinced that a long piece of string is “stronger’
than a short one.

Of course these people are not just being silly, for it all depends
on what you mean by ‘stronger’. The steady force or pull
required to break a long string will indeed be the same as that
needed to break a short one, bur the long string will stretch further
before it breaks and it will therefore require more energy to break
it, even though the force which is applied and the stress which is
in the material remain the same. Put in a slightly different way,
a long string will cushion a sudden blow by stretching elastically
under the load, so that the transient forces and stresses which
result are reduced. In other words it acts rather like the suspension
of a car.

Thus int a situation where the load is jerky a long string may
well be effectively ‘stronger’® than a short one. This is why the
bodies of eighteenth-century carriages were frequently slung from
the chassis by means of very long leather straps, which were better
able than short ones to resist the jolts imposed by eighteenth-
century roads. Again, anchor cables and tow ropes generally
break, not from a steady load, but from sudden jerks, and so it is
generally better to arrange for them to be as long as possible.
Those who are liable to encounter large dry-docks or oil-rigs
under tow at sea at night or in thick weather do well to bear in
mind that each of the tugs is probably towing by means of nearly

a mile of steel wire. These nautical processions therefore cover an
enormous area of sea and can be terrifying to the casual seafarer.*

This quality of being able to store strain energy and deflect
elastically under a locad without breaking is called * resilience’, and

it is a very valuable characteristic in a structure. Resilience may be

defined as ‘the amount of strain energy which can be stored ina
structure without causing permanent damage to it”.

* Actually, much of the resilience of anchor cables and tow ropes comes
from their own weight, which causes them to sag. This is one of the reasons
for preferring heavy wire or chain to organic ropes, which are much lighter.
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Of course, in order to get resilience, it is not necessary to use a
very long rope, such as a wire cable. It is often convenient to use
much shorter members, such as the helical springs which are used
in the buffers of railway trains, or pads of soft material such as are
used for ships’ fenders, or materials of low Young’s modulus, like
the foamed rubbers or plastics which are often used for packaging
delicate apparatus. Such things are frequently able to stretch or
contract much more in relation to their length and so store more
s;rain energy per unit volume. The excellence of the suspensions
of skiers and animals is due, in part, to the comparatively low
moduli and high extensions of tendon and other tissues.

On the other hand, although low stiffness and high extensibility
promote energy absorption, and so make it more difficult to break
a structure by means of a blow, it is only too easy to make a
structure which is too floppy for its purpose. This usually limits
the amount of resilience which can be designed into a structure.
Things like aeroplanes and buildings and tools and weapons have
to be pretty rigid in order to do their job. In this respect most
structures have to be a compromise between stiffness and strength
and resilience, and the achievement of the best compromise is
likely to tax the skill of a designer severely.

The optimum condition may vary, not only between different
types and classes of structures, but also between different parts of
the same structure. In this respect Nature is at an advantage since
she has at her disposal an enormous range of elastic properties in
the different biological tissues. A simple but interesting example
occurs in an ordinary spider’s web. The web is subject to impact
loads arising from flies blundering into it, and the energy of these
blows must be absorbed by the resilience of the threads. It turns
out that the long radial threads, which form the main load-carrying
part of the structure, are three times as stiff as the shorter cir-
cumferential threads which have the duty of actually catching the
flies.

Naturally, there are many other ways of storing strain energy
and getting resilience than by using tension members, such as
ropes or spider’s threads, or compression members, such as rail-
way buffers and ships’ fenders. Any shape of structure which
is capable of being deflected elasticalty wil! have much the same
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effect. Probably the cornmonest arrangement is to absorb energy
by bending, like bows and gallant masts. This is what bappens in
plants and trees and in most car springs. High-quality swords are
expected to be able to recover, elastically, after they have been
bent 5o that the tip touches the hilt.

Strain energy as the cause of tensile fracture

Starting aside like a broken bow.
Psalm 78

A reasonable amount of resilience is an essential quality in any
structure; otherwise it would be unable to absorb the energy of a
blow. Up to a point, the more resilient a structure -is the better.
Such highly sophisticated devices as the Viking ships and the
American horse buggy were very flexible and resilient indeed. As
long as they are not grossly overloaded, such structures will re-
cover when the load is taken off and all will be well. However, if
we do overload them, then of course sooner or later they will
break.

Now to break any material in tension a crack must spread right
across it. However, to create a new crack requires a supply of
energy — as we shall shortly see — and this energy has to come from
somewhere. As we have said, it is quite possible to break a bow by
‘shooting’ it without an arrow. What happens is that the strain
energy which was stored in the bow can no longer be disposed of
safely as kinetic energy in the arrow, and so some of it is employed
in producing cracks within the material of the bow itself. In other
words the bow has used its own strain energy to destroy itself. The
broken bow is, however, only a special case of all kinds of fracture.

All elastic substances which are under load contain greater or
less amounts of strain energy, and this strain energy is always
potentially available for the self-destructive process which we call
‘fracture’. In other words the stored-up strain energy or resilience
may be used to pay the energy-price of propagating a crack
through the structure and so causing it to break. In a resilient
structure there may be a lot of strain energy around, and the same
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sort of energy which the Romans used to batter down the massive
walls of Carthage can equally well be employed to enable a
super-tanker to break herself into two halves.
According to the modern view of the subject, when we break a
structure by loading it in tension, we ought not to regard fracture
as being caused directly by the action of the applied load pulling
on the chemical bonds between the atoms in the material. That is
to say, it is not the consequence of the simple action of a tensile
stress as the classical text-books would have us believe.* The
direct result of increasing the ioad on the structure is only to cause
more strain energy to be stored within its material. The sixty-four
thousand dollar question whether the structure actually breaks at
any particular juncture depends upon whether or not it is possible
for this strain energy to be converted into fracture energy so as to
create a new crack. )
Modern fracture mechanics is therefore less concerned with
forces and stresses than with how, why, where and when strain
energy can be turned into fracture energy. Of course, in simple
cases like ropes and rods the classical concept of a critical break-
ing stress is usually an adequate guide, but in large or complicated
structures, such as bridges or ships or pressure vessels, it has
proved to be a dangerous oversimplification, as we have seen.
What comes out of recent theory is that, whether a structure is
subjected to a sudden blow or to a steady load, tensile fracture
depends chiefly upon:
1. The price in terms of energy which has to be paid in order to
create a new crack.
2. The amount of strain energy which is likely to become avail-
able to pay this price.
3. The size and shape of the worst hole or crack ot defect in the
structure. '

The fact that the amount of energy required to break any given
cross-section of material varies very greatly indeed between diffe-
rent solids is easily confirmed, for instance by hitting first a glass

*The ‘true” or theoretical maximum tensile stress required actually to pull
the atoms apart is very high indeed, far higher than the *practical’ strength
determined by means of ordinary tensile tests. See The New Science of Strong
Materials, Chapter 3.
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jar and then a tin-can with a hammer. The quantity of energy
required to break a given cross-section of a matorial defines its
‘toughness’, which is nowadays more often called its ‘fracture
energy’ or ‘work of fracture’. This property is quite different to
and separate from the “tensile strength’ of the material, which is
defined as the stress (not the energy) needed to break the solid.
The toughness or work of fracture of a material has a very im-
portant effect upon the practical strength of a structure — espe-
cially a large one. For this reason we must spend a little time in
talking about the work of fracture of various kinds of solids.

Fracture energy or “work of fracture’

Since, when a solid is broken in tension, at least one crack must be
made to spread right across the material, so as to divide it into two
parts, at least iwo new surfaces will have to be created which did
not exist before fracture, In order to tear the material apart in this
way and produce these new surfaces it is necessary to have broken
all the chemical bonds which previously heid the two surfaces
together.

The quantity of energy which is needed to break most kinds of
chemical bonds is well known — at least to chemists — and it turns
out that, for most of the structural solids with which we are con~
cerned in technology, the total energy needed to break all the
bonds on any one plane or cross-section* is very much the same
and does not differ widely from 1 Joule per square metre.

When we are dealing with the range of materials which are,
rather understandably, called *brittle solids® — which includes
stone and brick and glass and pottery — this is nearly all the
energy we have to provide in order to cause fracture. As a matter
of fact, 1 J/m? is really rather a pathetically small amount of
energy. It is a sobering thought that, on the simplest theory, the
strain energy which could be stored in one kilogram of tendon
would ‘pay’ for the production of 2,500 square metres (over haif

*This is often the same thing as the *free surface energy’, which is closely
related to the durface tension of both liquids and solids, and which is fre-
quently bandied about in discussions on materials science. See for instance,
The New Science of Strong Materials, Chapter 3.
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an acre) of broken glass surface — which accounts for the effects of
bulls in china-shops. This is why 2 bricklayer can break a brick
neatly in half with a light tap from his trowel and it is why we have
only to be a little clumsy in order to break a plate or a tumbler.
Naturally, this is the reason why, if wé can possibly avoid it, we
do not use “brittle solids’ in applications where they are in tension.
These materials are brittle not, primarily, because they have low
tensile strengths — that is to say they need a low Jorce to break
them — but rather because it needs only a low energyto break them,
The technical and biological materials which are actually used
in tension, and used with comparative safety, all require a great
deal more energy in order to produce a new fracture surface. In
other words, the “‘work of fracture’ is very much higher - enor-
mously higher - than is the case with brittle solids. For a practical

TABLE 4

Very approximate figures for the work of fracture and tensile strengths of
some common solids

Approximate workof  Approximate tensile

fracture strength {(nominat)
Material Jim? MN/m?
Glass, pottery 1-10 170
Cement, brick, stone 3-40 4
Palyester and epoxy resing 100 50
Nylon, polythene 1,000 150-600
Bones, teeth 1,000 200
Wood - 10,000 100
Mild steel 100,000-],000,000 400
High tensile stesl 10,000 1,000

tough material the work of fracture usually lies between 10° J/m?
and 10° J/m?. Thus the energy which is needed to cause Jracture in
wrought iron or mild steel may be about a million times as high as
that needed to break the equivalent cross-section of glass or pottery,
although the static tensile strengths of these materials are not very
different. This is why a table of * tensile strengths’, such as Table 2,
(p. 56), can be a highly misleading document when it comes to the
choice of a material for a particular service. It is also why the
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classical theory of elasticity, based mainly on forces and stresses,
which has been laboriously evolved over hundreds of years — and
still more laboriously taught tostudents — is really inadequate, by
itself, to predict the behaviour of real materials and structures,

Although the detailed mechanisms whereby such enormous
amounts of energy can be absorbed within tough materials as
‘work of fracture’ are often subtle and complicated, the broad
principle is really very simple. In a *brittle® solid the work done
during fracture is virtually confined te that which is needed to
break the chemical bonds at, or very near to, the new fracture
surface. As we have seen, this energy is small and amounts only to
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Figure 9. A typical stress-strain curve for a ductile metal such as mild steel.
The shaded area is related to the work of fracture of the metal.

about 1 J/m?. In a tough material, although the strength and the
epergy of any individual bond remains the same, the fine structure
of the material is disturbed to a very much greater depth during
the breaking process. In fact it may be disturbed to a depth of well
over a centimetre: that is, to a depth of about 50 million atoms
below the visible fracture surface, Thus if only one in fifty of
these atomic bonds is broken during the process of disturbance
then the work of fracture - the energy needed to produce the new
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surface — will be increased a millionfold, which, as we have seen,
is about what really does happen. In this way molecules living
deep within the interior of the material are able to absorb energy
and to play their part in resisting fracture.

The high work of fracture of the soft metals is primarily due to
the fact that these materials are *ductile’, This means that, when
they are pulled in tension, the stress-strain curve departs from
Hooke’s law at quite a moderate stress, after which the metal
deforms plastically, rather like plasticine (Figure 9). When.a rod
or sheet of such a metal is broken in tension the material is pulled
out before it breaks after the fashion of treacle or chewing gum;
the broken ends will then be tapered or conical and will look
rather like Figure 10. This form of fracture is often called
*necking’,

I

Thick metal plate

!
L — T el 7 \
Thin metal sheet f

Figure 10. The work of fracture is proportional to the volume of metal
plastically distorted, i.e. to the shaded area, and thus is roughly
as £*. Hence the work of fracture of thin sheet may be very low.

Necking and similar forms of ductile fracture can take place
because a great many of the innumerable layers of atoms in the
metal crystals are enabled to slide over each other by means of
what is called the *dislocation mechanism’. Dislocations not only
enable layers of atoms to slide over each other like a pack of cards
but they also absorb energy — quite a lot of energy. The result of
all this slipping and sliding and stretching in the crystals is that
the metal is enabled to distort and a great deal of energy is got rid
of,






