W27
ResourcelMaterial

foryMathematics

ClubJActivities




Do You hnow i Resource Material
’ 9 'gﬁm for Mathematics

According to the . .

Constitutional Amendment i Club Activities

Act, 2002, free and .

compulsory education for all

children in 6-14 year age group

is now a Fundamental Right

under Article 21-A of the

P.K. SRINIVASAN

Constitution.

EDUCATION IS NEITHER A

- PRIVILEGE NOR FAVOUR _
BUT A BASIC HUMAN
RIGHT TO WHICH ALL
GIRLS AND WOMEN ARE

e o nagh

- Gave (;W(A,'
Thein Charce |

oA HTE e e
NCEERT

rftm i@ srgaEuE 3w gfdew aRes
NATIONAL COUNCIL OF EDUCATIONAL RESEARCH AND TRAINING




ISBN 978-93-5

-:ﬂmt Mﬂm
ﬁmmy 1995 J’&u{guu 1916

ALL RIGHTS RESERVED

- 0 Mo part of this publicasion may be reproduced. slomd in a retrewal
SYEI8M of ransmitiad, in any Tom o by any means, slectom:.
mechanical, photocopying, recording or athenwise withoul the

2 This bock |5 okl sukact 0/ the condition et itahal mof, by way
ol rade. belenl re-soid, hined cut o sihérwise dsposad of

mwnmmwmmm

: mmmwﬂ»m

o The cormect price of this publicstion i e price printed on this

- pega, Any revised price indicated by 8 rubber stemp or by 3

© sticker or by any other maans ls Incorrect and should be

Lnacoegahk, .

January 2010 Magha 1931

OFFICES OF THE PUBLICATION
DEPARTMENT, NCERT

Phona ; 011-26562708

g miml

B, S N SR

Publication Team
Head, Publication

 Peyyet! Rajakumar

1 chiel Production : Shiv Kumar
]

B T o A 15-?!

1 Shveta Upp;n}
: Gawtam CGanguly

Chief Editor

| Chief Business

- Production Assistant: Rafesh Pippal

L BT

About the Book

Motivating children to learn mathematics with interest and
involvement through appreciation of its intrinsic worth poses a
challenge to practising teachers of mathematics. One of the ways of
solving this crucial problem is to expose children to mathematics in
the environment and help them to engage themselves in manipulating
ordinary objects and numbers associated with them so as to
experience the mathematics inherent in such manipulations without
resorting to a formal study of mathematics.

Shri P. K. Srinivasan is a committed mathematics educator with
a rich experience gained through conducting more than fifty
mathematics expositions by children in India and abroad. Through
his articles appearing in the *Science and Children’ columns of The
Hindu since 1979, he has been consistently showing how this
motivation can be acquired delightfully and successfully.

With the objective of disseminating the strategies suggested by
the author on a wider scale, a compilation of his articles suitably
arranged, modified and edited has been brought out by the NCERT.
Each topic is complete in itself by way of the message it conveys, as
a result of which any topic can be taken up in the book without
difficulty. Special efforts have been made to see to it that the
background knowledge needed to understand any topic requires only
the rudiments of mathematics acquired in the pre-high school classes.

Once the teachers and parents implement the strategies outlined
in these articles, children will find themselves discovering
mathematics on their own, and that will develop in them a lifelong
aptitude for mathematics,

The presentation and treatment of topies provide a rich source
of ideas for running mathematics clubs and mathematics fairs, which
have become the hallmark of progressive schools in mathematics
education today.

The book does not reflect the views of the NCERT. The Council is
just making available one more source of motivational aids for
mathematics learning.

Dr. Harmesh Lal has compiled the articles and got the illustrations
finalised for printing.
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~ A. AcTIVITIES FOR Basic CONCEPTS

Al - Number Naming Strategy

1. Prologue

One of the most abstract concepts in mathematics is the
counting of a number, for the simple reason that the number
is independent of colour, shape, space, order, time, mass,
volume etc. of the objects considered for counting. Is it not a
marvel that a child can grapple with this concept with such
extraordinary ease? That a child can do it is a tribute to its
power to understand and learn abstract concepts.

Given any collection of cbjects, concrete or abstract, one
can always find physically or mentally as many collections as
one may desire, so that objects in any of the new collections
can be put into object to object, or, one to one matching with
objects of the given collection. This situation generates the
idea of number and starts the naming spree.

Numerous systems of naming numbers emerged, as a
result of which, a grave problem arose. All the words in all
the languages are not enough to name all possible numbers,
that is if we want to use separate words for them. This is a
challenging situation but the one that is well within the
understanding capacity of a child. ‘Tell me a number as big
as you like; I can always tell you a bigger number by adding
one more to yours' and this challenge brings out intuitively
the fact that there are countless numbers.

This problem of naming was such a serious and complex
one that it took centuries for man to evolve the concept of
units and higher units on the prior acceptance of a base and
make the solution incredibly simple.

What is base ten? It is simply counting in tens, forming
tens and tens of tens etc. as higher units; counting the higher
units in tens and forming still higher units and so on. Take a
collection of objects. Count them in tens (by matching them if
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need be with the fingers of your hands); you get tens and a
few objects less than ten (that may or may not be there). Now
tens form higher units. Count these higher units in tens if
possible. You get ten tens or hundreds and a few tens less
than ten tens (that may or may not be there). Now ten tens or
hundreds form still higher units. Count these ten tens or
hundreds in tens if possible. You get ten (ten tens) or ten
hundreds or thousands and a few ten tens or hundreds less
than ten (ten tens) (that may or may not be there).

This process of counting is continued giving rise to a
succession of higher units. The process will end if a collection
of physical objects is taken, as the collection is bound to be a
finite one. Conceptually, one can continue the process non-
stop. Every time you form still higher units out of higher units
obtained, you count them in tens and hence ten is the basis
in this counting system.

A question arises: ‘Why should we count in tens ?’ History
reveals that other bases such as two, five, twelve, twenty and
sixty have been tried. But ten has come to stay as the
universally accepted base for the simple reason that it tallies
with the number of fingers, one of the characteristics of the
human race. Also it is neither too small nor too big.

It took a few more centuries to devise positional notation
which became perfect with the introduction of zero. It is
interesting to note that zero was invented first as a place holder
and discovered later as a number in its own right. Since the
positional notation holds for any base, one should be careful
in reading a numeral.

2. Meaning of symbol 100

For instance ask anyone to read 100. He would read it
readily as one hundred, assuming the base to be ten. The
better way to read it regardless of any base is one zero zero. If
the base is two, 100 stands for two twos or four; if the base is
five, 100 stands for five fives or twenty five. That is the
intriguing and at the same time striking thing about positional
notation. Writing numerals_for a number is easier than naming
it verbally.

Al - Number Naming Strategy 3

Helping a child to relive the experiences of counting in
different bases in stages and write a number in different
numerals is therefore of great educational value.

3. The Strategy

Collect forty tins (coconut ‘half shells would be handy) and
about three hundred small seeds and about thirty broomstick
bits. Ask the child to place the tins in columns of ten to start
with, leaving equal gaps between columns. The tins can be
close to each other as in each column (Fig. 1).

The column towards the extreme right would represent
units. The column next to it on the left or the second column
would represent tens. The third column would represent
hundreds. This will become abundantly clear and meaningful
once the child is engaged in the activity explained below:

Take a large collection of seeds for counting. Put one seed
in each of the tins in the first column starting with the bottom
most tin. When all the tins in the column have a seed each,
collect all the seeds and put them together in the first tin (i.e.
bottom most) of column two. Start again putting one seed in
each of the tins in column one. As soon as all the tins have a
seed each, collect all the seeds and put them together in the
second tin of column two.

Continue this process. Every tin in the second column
will be getting ten seeds. When each one of the tins in the
second column have each received ten seeds, collect all the
seeds in the tins of column two and put them all together in
the first tin of column three. This is the pattern of activity to
be kept up till all the seeds taken for counting is as shown in
Fig. 2. The count of the seeds is made up of two hundreds,
Jour tens and two ones, that is 242.

The experience of tediousness in collecting all the seeds
each time a column of tins is filled up and facing the problem
of finding space for seeds to be put into tins in higher columns
suggests a strategy. Once the first column is filled up, empty
the tins and put a broomstick bit in the first tin (bottom most)
of the second column to represent ten seeds. The idea of
representation is a great leap forward in conceptual
development.
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Resume filling the tins of the first column at the rate of
one seed per tin and when all the tins are filled up, remove all
the seeds and put one broomstick bit in the second tin of the
second column. Continue the process and if the tins of the
second column have each received a broomstick bit, empty
the tins of the second column and put one bit in the first tin
of the third column. Now this bit represents ten tens or a
hundred. Continue this improved process as long as is
required.

Now comes yet another improvement in the strategy. Seeds
and counters (broomstick bits here) are not mixed up. Each
seed, each collection of hundred seeds and so on will now be
shown by representation through counters put appropriately
in the tins (Fig. 3). The great advantage in this process is that
all the seeds to be counted are collected back again and their
count is read off the columns of tins by inspection and this
paves the way for the use of spike abacus with spikes
representing place values. Also the same collection is used to
find its number expressed in different numerals, with the
change of base. :

Once the child masters recognition of digital numerals 0
to 9, it is ready to enjoy finding numerals to different bases
less than ten for the same number of objects. For bases more
than ten, new digit symbols have to be contrived. For example,
for base twelve, two more digits besides O to 9 are needed to
represent ten and eleven as twelve will now be represented
by the numeral 10, meaning one twelve and zero units.

Remove the topmost or the tenth row. You can count now
to base nine numeration by a process similar to the one
described earlier and the digits you will need are O to 8 as 10
would mean now nine. Remove the top two rows or the tenth
and the ninth rows. You can count now to base eight with
digits O to 7 as 10 would mean now eight. And so on. By
placing one more row at the top of the ten rows, you can
count to base eleven with digits O to as10 would mean eleven
now. By placing two more rows at the top of the ten rows, you
can count not to base twelve with digits O to as 10 would
mean now twelve. And so on (Fig. 4).

Al - Number Naming Strategy 5

This strategy of having columns of tins with uniform
change in the number of tins in each column helps a child to
experience naming a number in positional notation to different
bases. Twenty one objects counted in base five, four, three
and two are as shown in Fig. 5.

This game of finding different numerals for the same
number brings home to the child by way of playing, the
difference between number and numeral and the positional
role of digits. With the number of digits the same as the base,
one is thrilled to realise that one can name any number
however, large it may be, by repetition of digits and assignment
of place value. This can be presented briefly as shown in Fig. 4.

This game deserves to be played in every home, especially
for children below eight years, so that they could be placed in
a vantage position to learn with ease and understanding the
operations of addition and subtraction, multiplication and
division in the realm of whole numbers, Of course the child
will have to spend more time in base ten numeration, as it

“will be the mainstay, in school mathematics.

No child will fail to see the meaning of symbols 10, 100,
1000, etc. as related to base or bases of counting. Some
children even enjoy making symbols of digits in large base
systems just for the fun of it; in one instance, for base hundred
the hundred digits were made by combining digits of numerals
1 to 99 as shown below:

0,1,2,3,.... 9,10, 11 ....... 20,21,22 ... so on the last
digit being 99. All these compound symbols are taken as single
digits in base hundred.
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A2 - Multiplication Facts with
Broomsticks

1. Prologue

If children are encouraged to learn mathematics through their
own efforts and experience under the supervision of a
dedicated teacher, they develop a feel for what they learn and
are able to find their way confidently in the world of
mathematical thinking. But to develop it, a teacher has to
avoid spoon feeding his students all the time and discourage
them from learning by mere repetition.

Learning tables by rote carries with it a long and hoary
tradition. Teachers often encourage it and parents underscore
it as the latter have themselves gone through the mill in their
own school days. With the advent of calculators, it would be
ludicrous to insist on rote learning, when children can easily
learn how to build the tables meaningfully and remember
and recall basic multiplication facts through adequate
familiarisation, just as they learn a language with natural
ease. The only thing that is needed is a stimulating
environment.

Since the greatest basic multiplication fact is 9x9=81, what
Is needed first is a set of eighteen (9+9=18) almost straight
broomsticks which are available in "all homes. Every lower
primary child can even be asked to use them as a kit in class
as well as at home, particularly while building and learning
the tables. (If more sophisticated materials are to be preferred
for durability and attraction; plastic tongue cleaners may be
used) (Fig. 1).

The exercise starts with a few preliminary experiences of
discovery by children. Two broomsticks can be placed only in
two ways: (1) meeting each other at a point, and (2) parallel to
each other. These represent the incidence properties of two
lines on a plane. With more than two broomsticks, children
can easily place them in such a way that any pair of them are
parallel to each other and they can use another stick to meet
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all of them by placing it across and count the meeting points.

Multiplication is as usual introduced as repeated addition
by taking groups of equal number of objects. To read the
multiplication facts fast, children should have acquired a fairly
good mastery of skip counting by twos, threes, etc.

Skip counting is easily picked up by children when they
write numbers in a zig zag way in two rows_for skip counting
by twos, in three rows for skip counting by threes and so on as
illustrated below:

Skip counting by twos: 13579111315...
2468101214 16. ..
Skip counting by threes: 1471013161 09...

25811141720...
36912151821...

Building multiplication tables by repeated addition can
be done up to five in each of the first five tables. It requires
handling 25 objects. Beyond this stage, it becomes tedious to
get multiplication facts by grouping. Herein comes the
appropriateness of the crisis-cross technique by using
broomsticks.

2. Use of broomsticks

The use of broomsticks by every child helps the teachers to
dispense with charts or blackboard work where tables are
presented as finished products, to be copied and memorised
by the children. This method will bring about a sea change in
the relationship between the children and the teacher.

How children can be guided to build, say 7 times table,
using broomsticks is illustrated in fig. 2 step by step, only
seven ones, seven twos and seven threes are given, as after
that the pattern would take care of the rest.

Children find this exercise very enjoyable as they see
distinctly the multiplier, the multiplicand and the product in
each multiplication fact, unlike in giving products through
numbers of groups of equal number of objects. By resorting
to the broomsticks set-up and spelling out the multiplication
facts thus obtained, children escape the tedium rote learning
of tables. The underlying mathematical principle is the

A2 — Multiplication Facts with Broomsticks 9

Cartesian product which is simply pairing of objects taken
from two sets at the rate of one from each set. Given two
blouses and three skirts, the number of pairs of a blouse and
a skirt that can be considered is obviously 2x3=6, as each of
the blouses can be paired with each of the three skirts. The
experience that one gains in this criss-cross exercise is not of
curio value but is of great significance, for it would recur
quite often in their mathematical learning process as they
advance in years.

Above all, the broomstick way of building multiplication
tables, if one may call it so, has decidedly great superiority
over that of the traditional way of grouping of equal number
of objects. Multiplication facts of zero which are usually taught
by dictation can now be discovered by children through their
Jeel for patterns, as well as, intuition or imagination.

3. Zero

This presupposes that children understand and use zero
properly. Children learn to say I have got zero sisters or I
have zero brothers whenever they have no sisters or brothers.
A teacher in preschool years should provide numerous
opportunities almost daily for this usage of zero. Teaching
zero as nothing creates misconceptions and so needs to be
avoided. For example consider 2509. There is nothing between

-2 and 5 but there is O beiween 5 and 9. What information

does O, therefore, give here? Zero in 2509 means that there
are zero tens, or in other words there are no tens to count in
the tens place.

Once this becomes a habit with children, they are ready
to discover multiplication facts of zero the broomstick way.
The sequence of steps that a teacher has to take to elicit from
children the corresponding multiplication fact in each step is
illustrated in figure 3. One can start with a multiplication
fact of any two non-zero numbers. Let us start here with 4x3
(See Figs. 3 and 4).

4. Versatility broomsticks as aids

Broomsticks have their own versatility as learning-teaching
aids in mathematics education. They can be used to study
incidence properties of lines on a plane, angles and kinds of .
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angles, building polygonal shapes with special attention to
quadrilaterals and their properties, partitioning of a plane
shape, etc.

Multiplication Facts with Broomsticks
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A3 - Discovering Number Properties - I

1. Prologue

In this era of increasing awareness for the rights of the
child, it will not be inappropriate to highlight the lack of
opportunities for gifted children, particularly in mathematics,
in the present-day schooling situation, therefore, some
remedial measures are suggested.

Gifted pupils in mathematics in India are yet to be given
as much extra direction as in advanced countries. For
instance, in the erstwhile USSR, mathematical talent is
valued as highly as other valuable resources. There, special
schools, named after Kolmogorov, a renowned Russian
mathematician, are run by the State exclusively for the gifted
pupils in the field of mathematics.

In developing countries, suffering from a high rate of
illiteracy, the gifted children rarely find themselves in a
milieu of acceptance and appreciation with adequate
opportunities to exercise and exhibit their mathematical
talent as they form a small minority. The reason is that the
needs of the majority are so pressing and the resources at
the disposal of the schools so limited. Moreover, the school
and social environment is so non-mathematically oriented
that it does not shock people to see that the mathematically
gifted are most often left to fend for themselves. This results
mostly in early discouragement of the precociousness in
children and their consequent diversion to cother fields
which evoke greater expectancy and provide greater
encouragement. Neither getting high marks-is a sure sign
of giftedness or awarding high marks a sure means of
recognition and care of the gifted.

This situation will have to change. And that is possible
only if teachers are trained to know how to detect and foster
mathematical talent in children and realise that detection and
care of the gifted should start right from their kindergarten
and primary years.
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In the words of Iburu Masaka, the economic wizard of
Japan ‘kindergarten is too late’. Mathematical talent is like
musical and artistic talent which need nurturing from one’s
early years of childhood.

[ would like to share with people, parents and teachers in
particular, a programme which I launched successfully in
Nigeria in pursuance of the great objective of helping children
discover their mathematical talent and exhibit them to others.
Though discovery-oriented methods have of late become the
Jashionable talk of the day in the educational world, one rarely
Jinds them in practice in the classroom. For most of the teachers
continue to feel satisfied with telling and helping children
learn’ by imitation and repetition of what they are told and
what appears in print. This of course, is widely believed to be
the easy and sure way to secure pass marks in the
examination.

It is no wonder that some articulate teachers take pride in
asking bluntly, ‘What is there for children to discover?’ They
think that it is their duty to raise the question, ‘Why should
the children be allowed to waste time in the process of
discovering ?* What an attitude it is which the gifted children
face especially in this age when discovery and invention alone
ensure survival,

The teachers, however, are not to be blamed as they have
had, by and large, no such experience either in their school
days or in their training periods, pre-service or in-service,
and they naturally fail to understand the importance of
discovery-oriented learning.

2. What is discovery?

What is meant by discovery is that children are to be guided
to find out concepts by themselves without being tutored.
The fact is that they do find out a lot, given a stimulating
environment and suitable opportunities. Not only that, they
acquire skills faster, because they are better motivated.
Mathemalics like science is based upon experience
particularly during the early years of schooling and as such
that phase abounds in opportunities for discovery by gifted
children right from their pre-secondary years. Such
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opportunities ought to be created and offered to the children
in order to promote their self-confidence and hence their
mental growth.

An attempt is made herein to show how, just with the
skills of addition and subtraction, multiplication and division,
children enjoy discovering numerous number properties or
relations. .

To start with, the children should be able to identify the
basic kinds of numbers they often come across in mathematics
first by means of concrete experiences and then in terms of
their number names or numerals, tacked on as the latter are
to a base. :

3. Strategies

(i) Even or Odd: Allow children to use bottle tops or coloured
plastic cubes of the same size for setting up arrangements.
Activities for concretisation through arrangements are
pictured in Fig. 1 for identification of kinds of number. If
the objects in a collection are paired off perfectly the
number of the collection is even.

One pair gives the 1st even number 2 (1 x 2). Two pairs
give the 2nd even number 4 (2 x 2). Three pairs give the
third-even number 6 (2 x 3) and so on. With this pattern,
the even numbers in any position or rank can be given
without listing them in a sequential order.

If the objects in a collection need one more object to
complete the pairing process, the number of the collection
is odd. One pair less one gives the first odd number 1 or
1+0 = 1. Two pairs less one give the second odd number
or 2+ 1 = 3. Three pairs less one give the third odd number
of 3+2=5 and so on. With this pattern, the odd number
in any position or rank can be given without listing the
odd numbers in order (see Fig. 2).

If the objects in a collection can be arranged in a
rectangular array (having more than one row and equal
number of objects in each row and no row generally
having less than 2 objects), the number of the collection
is said to be rectangular or composite. The composite
number do not form an alternating pattern as in the case



14

(ii)

(iif)

(iv)
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of even and odd numbers. However, they can be listed
in order (see Fig. 3).

Incidentally, children recognise factors or divisors and
multiples of a number. Taking Fig. 4 they learn to say
that six is a multiple of 2 or 3 and 2 and 3 ar factors of
six. They also discover that some composite numnbers (e.g.
24) can be displayed in different rectangular arrays (e.g.
12 x 2, 8 x 3, 6 x 4) revealing more factors.

Prime Numbers: If the objects in a collection can be
arranged only in a single row and not in an array of more
than one row, the number of the collection is non-
rectangular or prime. Incidentally children see that though
any collection can be arranged in a row, any collection
whose number is prime can be arranged only in a unique
manner in a single row. They also realise that a prime
number has only two factors 1 (one) and the number itself.
leading to the understanding that a number hcving only
two factors namely 1 and the number itself is prime and a
number having more than two factors is composite. They
also decide that 1 is neither prime nor composite as it has
only one _factor viz 1. The prime numbers too do not form
a pattern, though they can be listed in order (see Fig. 5).

Square Numbers: If the objects in a collection can be
arranged in a square array (having as many rows as there
are objects in a row), the number of objects in the collection
is a square number (see Fig. 6).

Two rows of two objects each give the second square
number 4 (2 x 2 or 22)

Three rows of three objects each give the third square
number 9 (3 x 3 or 33).

Four rows of four objects each give the fourth square 16

(4 x 4 or 4*) and so on. Note that since | x 1 = 1, 1

becomes the 1st square number.

Cube Numbers: If the objects in a collection can be arranged
to_form a block having as many layers of square array as
is the number of objects in each of its arrays, then the
number of objects in the collection is a cube number
(see Fig. 7).
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Two layers of two rows with two objects in each row
give the 2nd cube number 8 ( 2x2x2 or 2°); three layers
of three rows with three objects in each row give the
third cube number 27 (3x3x3 or 3%) and so on. Note
that since 1x1x1 = 1, 1 becomes the 1st cube number.
(v) Triangular Numbers: If a collection can be displayed in a
sequence of rows of objects in such a way that their
numbers in the successive rows are in the order of natural
numbers 1,2,3 etc., the arrangement takes the shape of a
triangle and hence the number of objects in any such
collection is called a triangular number (see Fig. 8).

If two collections having the same triangular number are
combined they can always be arranged to form a special kind
of rectangular array where the number of (horizontal) rows is
one less than the number of objects in a row, as seen in each
array of the second line-up of the Fig. 9. Each array in the
second line-up gives an oblong number. The pattern of the
oblong numbers making listing of triangular numbers easy.

The first triangular number is 1/2 of the 1st oblong number
1 x 2; the second triangular number is 1/2 of the 2nd oblong
number 2 x 3; the third triangular number is 1/2 of the 3rd
oblong number 3 x 4 and so on. The triangular number in
any position or rank can easily be given.

4. Faster Learning

As activities suited to the maturity levels of primary school
children and within easy reach of every primary school teacher
and every parent at home, precede identification and naming
of the basic kinds of numbers, learning is faster, delightful
and permanent.

Children can be seen reeling off without diffidence or
hesitation the list of at least first ten numbers of each kind.
Given the position of any particular kind of number, they can
name it without listing, except in the cases of prime and
composite numbers.
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Discovering Number Properties-I
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A4 - Discovering Number Properties - II

1. Prologue

Once children learn to identify different kinds of numbers,
they find themselves poised for making exciting discoveries
of relations or properties of numbers, using only their skills
of performing four operations. Whenever more than two
numbers are involved, addition and multiplication will mostly
be enough.

2. Number Discovery Cards

Number discovery cards (NDCs) are prepared and given to
them. Each card shows what numbers they have handled to
discover the properties or relations. The cards have the
characteristic of carrying no verbal explanations or questions.

The discovery card-1 directs the attention of the card to
all the pairs of consecutive natural numbers. 1 shall state
herein some of the discoveries made by a few bright children
of primary V in Nigeria almost in their own language, on the
occasion of the celebration of the IYC in May 1979 in my
training college there with the cooperation of primary schools
around. Sometimes a few eliciting questions needed to be put
to help children communicate.

1. Working: 1 +2=3;2+3=5;4+5=9:5+6 = 11;....
Discovery: Add a number of its next number. We get an
odd number.

Discovery: Multiply a number by its next number. We get
an even number.

3. Working: 2-1=1;:3-2=1;4-3 =1;5-4=1;....
Discovery: Take a number away from its next higher
number. We get always 1.
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4. Working:
1)2(2 2)3(1 3)4(1 4)5(1
2 2 3 4
0 1 1 1

Discovery: Take a number and its next. Divide the bigger
by the smaller. The quotient is always 1 and the remainder is
always 1. This is not true for 2 and 1.

Once motivated the children have special flair for
discovering patterns and that makes them succeed quite
remarkably. Eager parents and teachers have the thrill of
seeing what our primary school children are capable of and
thereby get a better understanding of their untutored abilities
in mathematics

The other discovery cards NDCs 3 to 5 which [ used in the
IYC programme are given below for use by children. When
more than two numbers are circled, let them know that they
can use all of them or groups of them in discovering number
relations or properties and adding a.number to itself or
multiplying a number by itself are also allowed.

Similar discovery cards can also be prepared for other areas
of mathematics. Elementary number theory is the most
popular and of interest to everybody and hence it has been
given preference. Some of the bright students can be seen
raising more questions not confined to the specific directions
as indicated in the discovery cards and coming out with
breath-taking findings. They also enjoy displaying their
discoveries through arrangements of objects, wherever
pessibie.

It is the birthright of every mathematically gifted child to be
given opportunity to develop his research potential to become
Junior mathematicians before blossoming into senior
mathematicians later. Provision of a mathematics club with a
small library stocked with enrichment books is the least the
gifted have a right to expect in a school, if not at home.

Ad - Di‘scovering Number Properties - 11

19

3. TV Discovery

Programmes such as these can better be shown live on TV,
once a fortnight with children seen vying with each other in
their discoveries and they would certainly electrify the
atmosphere in homes inducing emulation in many other
children.

* Later developed into an enrichment book for children in dialogue
mode under the caption Romping in Numberland written and published by

the author in 1988.
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Discovering Number Properties-II
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A5 - Games to Learn Integers

1. Prologue

There is a dramatic way of making children realise the need
to associate direction with numbers in certain situations. This
can be done at home or school.

Ask a child whether he can act according to a simple
command. He would say, ‘Surely’. If a few other children are
there to witness the ‘drama’, it would be quite welcome. Tell
the child, ‘Move two steps.’

If he is not alive to the implication by virtue of having
found himself earlier in a similar situation, he can be seen to
move guilelessly two steps forward. Make the observation that
he has done something which he has not been told to do. One
or two of the children witnessing the ‘drama’ cab be seen to
vouch for your observation by commenting that you have only
asked him to move two steps and not two steps forward.

The performing child realises that he has simply assumed
something unwarily and he cannot act without the specific
and explicit mention of the direction associated with the
number of steps. Children get introduced to the idea that
mere numbers are not enough in some situations which
require the association of direction with numbers.

The world of opposite such as forward and backward, right
and left, gain and loss, above and below, after and before,
etc. surfaces in the minds of children. The great
mathematician Bhaskara of A.D. 12th century called them
dhana rashi (asset.numbers) and him rashi (liability numbers).

They came to be accepted and called, about three centuries
later, by European mathematicians as positive or plus
numbers and negative or minus numbers respectively.

Once this general idea is understood through situations
with opposites, an interesting game can be set up. Playing a
game is to some extent akin to axiomatisation in mathematics.
The most desirable feature in a game approach is the
acceptability of rule or rules with little resistance and the study
of the consequences through ready involvemernt.
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Take objects like bottle tops wherein two sides, one side
and its opposite, can be distinguished easily or cardboard
bits with opposite sides coloured differently. One side is taken
as positive whereas the other (or the opposite) side is taken
as negative.

Take some of the objects to start with. Situations arise,
when set-ups are made with all of them showing the same
side (positive or negative) or with some of them showing one
side and the rest the other side.

2. The games

The game is about giving the net value of a set-up after
accepting the rule that two objects one showing one side and
the other the opposite side, cancel each other in value. In other
words, the inclusion or exclusion of such pairs does not alter
the value of a set up.

Let us consider some typical situations. Assume that
cardboard bits are used, each with one side lettered ‘P’
(positive) and its other side ‘N’ (negative). The situations with
the net values of set-ups are illustrated along with the
corresponding verbal statements and their symbolic
translations.

Positive three together with positive two gives positive five.

+3+2=50r+3)+(+2)=5
Negative three together with negative two gives negative
Jive.
3-2=-5or(-3)+(-2)=-5

(Excluding as many pairs ‘P’ ‘N’ as possible), positive three -

together with negative two gives positive one.
+3-2=-1or(+3)+(-2)=+ 1.
Negative three with positive two give negative one.
-3+2=1lor(-3)+(+2)=-1
Negative two together with positive two is zero
2+2=0o0r(-2)+(+2)=0

The exciting part of the game surfaces when subtraction is
considered through ‘taking-away situation’.
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The removal of positives from positives giving positives or
negatives from negatives giving negatives is simple.

Taking away positive two from positive three gives positive
one.

(+3) - (+2) = +1.

Taking away negative two from negative three gives

negative one.
(-3)-(-2)=-1.

Can we remove negative one from positive two? This
challenging situation makes interesting use of the rule. As
there is no negative, a negative is needed to effect the removal.
But a negative cannot be brought into the set-up without its
positive counterpart, as only when such a pair is so brought
in, the value of the set-up will not get changed.

3. Another situation

Children pick up soon verbalisation and symbolic translation
and discover the ‘change the sign and add’ rule, as a short-
cut, In the set-ups involving subtraction, instead of bringing
in suitable number of pairs to remove the required number of
positives or negatives, children pick up the required number
of positives or negatives to be removed, turn them over, include
them in the set-up and find the net value result to be the
same.

Children get excited and are seen raising questions such
as ‘How to remove positive 3 from negative 2 ? How to remove
negative 3 from positive 2 ? How to remove positive 2 from
zero? How to remove negative 2 from zero?’ and so on. They
are immensely pleased to find the ‘bringing in the required
pair’ approach as well as ‘the short-cut’ working.

Soon the children develop readiness to answer questions
put in verbalised and then symbolised form without the use
of objects but with or without visualisation. This transition
from the concrete to the abstract is the hall-mark of
mathematics education.

4. Directed numbers in multiplication

Multiplicaticn of directed numbers can be presented as

‘repeated addition with the required modification.
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When you ask a child to pick up a certain number of positives
or negatives and place them in the required number of times,
the child can be seen or helped to ask if the objects should be
placed on the same side showing up while picking should be
changed to the opposite side.
Placing 3 positives on the same side twice, the net value is
positive 6.
(+3)(+2) =+ 6
Placing 3 positives on the opposite side twice, the net value
is negative 6.
(+3) (-2) = 6.
This net value is also got_from placing 3 negatives on the
same side twice.
(-3) (+2) =-6.
Placing 3 negatives on the opposite side twice, the net value
is positive 6.
-3)(-2)=+6
Division situations can similarly be devised and structured.
5. Some comments

Teaching directed numbers have always created problems and
the game approach is only one of the approaches in presenting

directed numbers and their operations. Compared to other

approaches like ‘combined changes study’, ‘number line’,
‘extended pattern’ etc. the appeal of the game approach is
great and instant.

A majority of students settle down fast to grasp the
principles, as it involves low learner-resistance. Even children
in lower primary schools, find learning of directed numbers
great fun, as they by themselves discover all the operational
rules just by accepting one rule of the game and familiarising
themselves with the language, verbal as well as symbolic.

It is of course worthwhile to present other approaches and
concrete situations as well so that the topic emerges in its
full splendour of abstraction.

A5 — Games to Learn Integers

25

—

Games to Learn Integers

PO O O
N O
O

O
@)

Fig. 1

O
O

O
O

O0O0O0O0




A6 - Surprises with Clock Arithmetic

1. Prologue

Some familiar objects and their functioning have rich
structural relations below their surface appearances which
can be pressed into service to provoke mathematical thinking.
One such object is the clock with its set of 12 numbers on its
face. With the proliferation of digital clocks and watches the
analogue ones showing time by movement of hands may in
the near future be relegated to the limbo of antiques.
Mathematics of clock face numbers if appreciated will prevent
this disaster. A model clock face in cardboard with movable
hands used in primary schools would be of help in getting
the required experience. There is no need for the minute hand
in this arithmetic and hence it can be removed.

Twelve hour clocks are more common than 24 hours
clocks. So give the child a 12-hour clock and let the reckoning
of time be done in hours only. Children should first be helped
to recall the difference between an instant and an interval.
Two hours may mean two hours duration (interval) or two
o’clock time instant.

2. Clock arithmetic

If at a certain time, the clock shows 8 o’clock then five hours
hence it would be 1 o'clock . This can be written 8+5=1
provided the ‘+ sign here is taken to denote not ordinary
addition but clock addition. For the distinction we may write
(+) for clock addition and (x) for clock multiplication. All other
clock additions can be obtained otherwise. Children can be
asked to find all the clock addition facts and present them in
the form of a composite table, called Cayley table (see Fig. 1).

Having done clock addition, a natural question about clock
multiplication would arise. What does multiplication mean
in the set or system of whole number 0, 1, 2, 3, 4 etc.? It is
simply repeated addition of a whole number, with the number
of repetitions, the whole number and the sum becoming

A6 - Surprises with Clock Arithmetic 27

respectively the multiplier; the multiplicant and the product.
Starting say from 9 o’clock, nine hours hence, it will be 6
o’clock again after 9 hours it will be 3 o’clock, yet again after
9 hours it will be 12 o’clock and so on. These can be written

thus

9+9=60r9x2=6
94+9+9=30r9x3=3
9+9+9+9=120r9x4=12

and so on, the ‘+’ and ‘x’ signs here representing clock
addition and clock multiplication respectively. Children can
be allowed to build the clock multiplication tables and display
them in composite form as before (Fig. 2) with a word of caution
to exercise greater care in fixing products.

These tables provide a rich fare for mathematical
observation by comparing the behaviours of the set of whole
numbers and the set of clock numbers. The sum of any two or
any number of whole numbers, for that matter is a whole
number. Similar is the case with clock face numbers under
clock addition. Under multiplication also, both the sets have
the same behaviour.

Consider the pattern in the sums of two clock numbers,
one of which is 12, 12 + 1 = 1: 12 + 2 = 2 etc. Are these not
like O + 1=1; O + 2 = 2, etc. So clock number 12 behaves like
the whole number O.

The pattern seenin 1 x 12=12,2x12=12,3 x 12 =12,
etc. orin 12 x 1 =12, 12 x 2 = 12, 12 x 3 = 12 etc., also
confirms that 12 behaves like 0. So it is appropriate to recognise
or identify clock numbers 12 as the zero of the system of clock
Jace numbers. :

As in the system of whole numbers, there is no ambiguity
about the sum of any two clock numbers.

3. Order in Clock Numbers

Subtraction exposes interesting situations; in the set of whole
numbers, any whole number cannot be subtracted from any
other whole number. We have to identify the greater and the
smaller and subtract the smaller from the greater. To remove
the restriction, the set of integers 0, + 1, + 2, + 3 etc. (+ read
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as plus or minus), that is, positive or negative whole numbers
were invented. In this extended system, any integer can be
subtracted from any other integer.

Is there such a restriction about clock subtraction ? Allow
children to find it out.

Now in clock subtraction; 5 -1 = 4, also 1-5 = 8 (5 hours
before 1 o'clock is 8 o’clock) 10-3 = 7, also 3-10 = 5 and so
on. This is a new mathematical experience for those who know
only whole numbers and subtraction with them. The system
of clock face numbers requires no extension as has been shown
above.

The integers have order among them like the whole
numbers. That is to say that, if any two integers are
considered, one of them will be greater than the other, in
case they are not equal. Does order prevail in the system of
clock face numbers? Can we say, for example, 8>4 (8 is greater
than 4)? If 8>4, then 8+8>4+4 should hold good. But 8+8=4
and 4+4=8, hence 8+8>4+4 gives us 4>8 showing conclusively
that there is no order in the system of clock face numbers. In
other words, clock face numbers cannot be arranged in
ascending or descending order. What a surprise!

Another shake-up experience awaits children when they
attempt to find what happens when one clock face number is
divided by another clock face number. Where a whole number
can be divided (without remainder) by another whole number,
the quotient is obtained uniquely. Ask children to find if such
a behaviour obtains in the system of clock face numbers, by
studying the clock multiplication table for clock division.

8-2=40r10(4%x2=8,10x2=8)
6 — 3 = 2,6 or 10 (why)
8-4=2580r11and soon

Children discover that quotients in the system of clock face
numbers are not unique.

4. Whole numbers vs. clock face numbers

The system of clock face numbers has another very surprising
property not possessed by whole numbers. When two whole
numbers other than zero are multiplied, the product is always
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a non-zero whole number. So we are entitled to say that if the
product of two whole numbers is zero, at least one of them
should be zero. Can a similar statement be made in the case
of clock face numbers? Consideration of examples such as
6 x4 =12, 8 x 3 = 12 etc. shows that such a statement
cannot be made with regard to clock face numbers. In other
words in the clock face number system zero may have all its
Jactors non-zero unlike in the whole number system.

Mathematical growth of a bright primary school child
would be incomplete, if this experience with clock face
numbers does not form part of his or her exit behaviour. It
would also inculcate in the child an attitude of expectancy for
surprises in number systems and wariness with assumptions.
The child will realise that the word number is an umbrella
term, rich with numerous associations.

Children can be set the interesting project of building ‘clock
arithmetic’ with odd number of ‘clock numbers 1 to 7, 1 to 5,
etc. and with even numbers of ‘clock numbers 1 to 6, 1 to 10,
etc. and children can be seen to discover that when the count
of ‘clock numbers considered is prime the system of odd
number of clock numbers behaves like the system of whole
numbers in respect to addition and subtraction, multiplication
and division.

When the last clock number is taken as zero itself, then
the clock arithmetic get recognized as modular (or measuring
out) arithmetic of remainders (or residues to use
mathematicians’ term) developed by the great mathematician
Gauss and finding an important place in Number Theory.
Another great surprise awaits the child when it sees that each
number in modular arithmetic is not just an individual number
but one naming a class of numbers as, Jor instance, 1 of clock
arithmetic names the class of numbers relating to timings
1 hr, 13 hr, 25 hr, 37 hr, 49 hr, elc. (as at these timings
the clock will show 1 o'clock).
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Surprise with Clock Arithmetic
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A7 - New Wine in Old Bottles

1. Prologue

It is fashionable with politicians and businessmen to put old
wine in new bottles, but with mathematicians it is the other
way round. Mathematicians are fond of putting new wine in
old bottles for purposes of consolidating the gains of the past
and opening the possibilities of making new advances. Initially
it may be trying for the beginners but soon it turns out to be
a lesson in appreciation of economy and power of
mathematical thinking.

Children’s first exposure to use of letters in mathematics
occurs in generalized arithmetic and solution of equations.
Letters are introduced to serve as unknowns or variables
representing numbers. But use of letters to represent non-
number situations like switches in circuit, sets and statements
has not yet become common place in school curriculum. So
children naturally feel a little uncomfortable till they settle
down to the revolution in the use of letters and signs. What
strikes one as very odd above all is the non-number use of
numerals 1 and O to represent bi-state situations such as yes
and no, true and false, belongs to or does not belong to etc.
What appears at first to be the misuse turns out to be an
instance of magnificent use.

2. Algebra of switches

In every home today where transistor, radios and torches have
become common place articles of use, children have ready
access to electric cells and find joy in experimenting with them.
With a few pieces of insulated copper wire, a torch bulb with
a holder and a few simple or improvised switches, children
can be provided with a very valuable opportunity to experience
mathematisation of circuits. See figs. 1 and 2.

When more than one switch are used, the connections, as
children know from their school science lessons, can be only
of two basic types; parallel and series and their combinations.
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Help children set up (1) a parallel connection with two
switches, and (2) a series connection with two switches.
Their diagrammatic representation are given on page 37. See
figures 3 and 4.

a and b in figures 3 and 4 represent two switches in each
circuit. Children can be expected to know or enabled to observe
by operating switches that in a parallel circuit, the current
does not flow and the bulb is not lighted only when both the
switches are off. But in a series circuit, both the switches should
be on for the current to flow and light the bulb.

Representing on state (or flow of current situation) by 1
and off state by 0, the various states of switches in each kind
of basic connections with the corresponding outcomes can
be mathematised in the form of tables as shown below. Ask
children to complete the tables with or without actual

operations of switches. Children should be getting the
following tables:

Table 1 Table 2

Switches in parallel Swilches in Series

a b outcome a b outcome

0 0 0 0 0 0

0 1 1 0 1 0

1 0 1 1 0 0]

1 1 1 v 1 1 1
0-off, 1-on 0-off, 1-on

The new use of 1 and 0 is like putting new wine in old bottles.
Through the table of outcomes for parallel connection, children
can be seen recalling the addition table with 0 and 1 except
for the last item involving 1 and 1 ;for0+0=0;0+ 1 = I:
1 + 0 = 1. The table of outcomes for series connection recalls
the multiplication table with O and L;forOx0=0;0x1=0;
I x0=0;and 1 x 1 = 1. So what is the new wine in the old
bottle? + sign can in this context be allowed to represent parallel
connection (or combination) of two switches and X sign series
connection (or combination) of two switches. The tables 1 and 2
can now be rewritten as follows:
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Table 1 Table 2
a b a+b a b ab (i.e., a.bora x b)
0] 0 0 (0] (0] 0
0 1 1 0 1
1 0 1 1 4] 0
1 1 1 1 1 1

To ensure familiarisation of new use of letters, numerals,
1 and O and signs + and x (or .) and the consequent new
outcomes, help children to set up switching models or drlaw
switching diagrams for the following situations a + a, aa, a o
aaad ,1+a 1.a,0+a,0,a,(d) and evaluate or simplify
them. It should be explained to the children that (1) repetition
of letter means that more than one switch are on or off at the
same time, (2) a switch that is always on is represented by 1
and a switch that is always off by O and (3) a and a’ represent
switches which are not on or off at the same time, that is to
put in another way, when a is on, a’ is off and when a is off,
a’ is on. By this time children should have realised that except
1 and O, letters can take no other numerals for values as they
would be meaningless in these bi-state situations.

3. Algebra of sets

After experience with circuits, encourage children to consider
a set of objects and all the sets including the qmpty set that
can be formed by taking 0,1,2 etc. of the objects of the whole
sets in all possible ways. Ask children to represent the sets
by letters a, b, etc. If cértain objects of the whole set form a
set, say a, all the remaining objects of the whole set would
form another set denoted by a’ which is complementary to
the set a. Give new roles for 1 and O to represent respectively
that an object “belongs to” and that an object “does not belong”
to a set. Ask children to complete the tables to show the
outcome of union (u) and intersection (n) of sets, after
€xamining to find out if the children realise that (1) there is
only one case when an object will not be in the union set, and
that is when the object does not belong to either a or b and (2)

that there is only one case when an object belongs to the
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intersection set and that is when the object belongs to
both the sets. See figures 5 and 6.

In figures 5 and 6, points in the circular region are
considered to represent objects of sets and points in the
rectangular regions objects of the whole set; a and b are two
sets of objects. The shading in Fig. 5 shows the set of objects
got by union of sets a and b and the shading in Fig. 6 the set
of objects got by intersection of sets a and b.

Table 3 Table 4
a b aub a b anb
0 0 0 0 0 0
0 1 1 0O 1 0
1 ¢} 1 1 0 0
1 1 1 1 1 1

Children cannot avoid comparing the tables 3 and 4
respectively with tables 1 and 2 and finding them surprisingly
alike except for the change in context. So there is again a
chance to put new wine in old bottle. + and x can now be
assigned yet other new roles of union of sets and intersection
of sets respectively. Since a.S = a, b.S = b,a+S =S, b+S =S
etc. 1 can be interpreted to represent the whole set (or the
universal set to use mathematicians’ language). Children
might be knowing that a set can be without objects. Such a
set is called the empty set and is denoted by O. Since a + 0 =
a.b+0=b,a.0=0,b.0=0 etc. 0 can be interpreted to represent
the empty set. As before let children draw diagrams, interpret
and evaluate or simply a+a, aa, a+a’ , aa’ , 1+a’, 1.a, O+a, O.a
and (@’ ).

4. Algebra of Statements

Finally, show children yet another use of letters to represent
statements, which can be either true or false, such as

a : he passes in English
b : he passes in Mathematics

Let 1 and O represent in this context true and Jalse
respectively. Any two statements can be joined by OR (used
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in the sense in this or that or both) and by AND. In the case of
a compound statement formed by connective OR, help children
to realise that there is only one case when the compound
statement is false and that is when the statements are
individually false and in the case of compound statement
involving the connective AND, there is only one case when the
compound statement is true and that is when both the
statements are individually true. Let children complete the
tables. They should be getting the following:

Table 5 Table 6
a b aORb a b aANDD
0 0 0] 0] 0 0
0 1 1 0 1 0
1 0] 1 1 (0] 0]
1 1 1 1 1 1

Once again the tables 5 and 6 are exactly like the tables 1
and 2 except for the change in context. So children get yet
another chance to put new wine in old bottle. + and x in this
context stand respectively for the connectives OR and AND in
logic. Now what does a’ represent? a’ means negation of a
given statement a. If a stands for the statement ‘he speaks
French’ a’ would stand for the statement, ‘he does not speak
French’. Children then easily see that a+a’ is always true and
So can be represented by 1 and aa’ is always false and so
can be represented by O. As before, let children interpret,
evaluate or simply the following compound statements a + a,
aa,a+a’ ,aa’, 1+a, l.a, 0 +a, 0.a, (@) . They would have
found thata+a=a,aa=a,a+a =1,aa’ =0, 1+a=1, l.a
=a,0+a=a,0.a=0,in all the three contexts. A comparison
of these laws with those of ordinary algebra is of great
educational value.

5. Abstract thinking

This valuable experience of using letters and signs in different
contexts and discovering that different contexts have the same
combination behaviour or structure as mathematicians would
call it instills readiness in children to appreciate the need for



36 Resource Material for Mathematics Club Activities

axiomatisation for presenting abstract mathematics. Taking
letters to represent indeterminate things and giving rules (or
axioms) for manipulations (or operations) with them leads to
an exercise in abstract mathematics. Without different contexts
having a common structure, the significance of context-free
development of ideas cannot be easily realised.

Accepting entities recognizable only by their operations
and relations inculcates easily in one the feel for abstraction
and appreciation of its beauty and power. By considering a,
b, c etc. as indeterminate elements with operations + and x
defined as shown in the above described models, we get the
famous algebra named after the 19th century British
mathematician, George Boole who was the first to show how
an algebra can be developed with letters representing non-
numbers. Through Boolean algebra it is easy to bring home
to school children the role of abstract thinking in mathematics.
Each of the above contexts or models becomes a concrete
realisation of this abstract algebra and problems in one context
can be solved in another context. Moreover, the inclusion of
computer science in school curriculum necessitates early
exposure of children to Boolean algebra which surpasses
ordinary algebra in simplicity and symmetry of operations.
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A8 - An Integrated View of
Mathematics

1. Prologue

As children climb up the ladder of mathematical learning,
they face cognitive problems in revising their notions about
mathematics. In primary years, they get the picture of
mathematics as a subject of numerical computations. In
middle years, they have to reconcile themselves to algebraic
expressions and equations. In high school years, they have
to meet the challenge of proving in mathematics. The transition
is too sudden and the teachers’ motivating skills are so
inadequate that many children fail to respond to the new
challenges in the study of mathematics. One way of meeting
this educational problem in mathematics is to intersperse
learning with examples, counter examples, conjectures,
proving by exhaustion in finite sets, local axiomatics etc. at
all levels.

2. A truth about any set of eight persons

Children love company and can reel off the names of their
friends. Ask a child to list names of his/her eight friends. You
can surprise the child by claiming that you can make a truthful
statement about them irrespective of the fact that they are
strangers to you. The statement is that at least two of his/her
eight friends are born on the same day. If the child is able to,
he/she can verify the statement by actual collection of dates
of birth of his/her friends. Now tell the child that your
statement is true about any set of eight persons, known and
unknown, living or dead, or to be born for that matter. The
child will naturally feel baffled and wonder how it can be
applicable to every set of eight persons.

Allow the child to find out the reason. If need be, throw
the hint: ‘As an extraordinary case, assume that each child is
born on a different day of the week’.
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The child can be seen to find his/her way out. Seven days
of the week will be associated with seven persons and so the
eighth person should be born on anyone of the days of the
week, thereby proving the statement. You can observe an
intelligent child making a similar statement for thirteen
persons, viz., that at least two of thirteen persons are born in
the same month. And so on. The reasoning is based on
acceptance of some initial statements: ‘There are seven days
in a week’, ‘There are twelve months in a year’ etc. Such initial
statements are called axioms, postulates and assumptions in
mathematics which are to be accepted without argument. This
experience dramatises the need for reasoning or proof in
mathematics.

3. Local axiomatics

Let us consider another situation. Children easily learn even
in the primary school that the sum of two odd numbers is
even, the sum of an odd number and an even number is an
odd number and so on. It will help children to proceed from
these statements to prove that the sum of any three odd
numbers is odd. The sum of three odd numbers involves the
sum of two odd numbers and a third odd number. Since the
sum of two odd numbers is even, it reduces to summing an
even number and an odd number and this gives an odd
number. And thus the statement that the sum of three odd
numbers is an odd number stands proved. This is exposure
to local axiomatics.

Counter example

One more instance can be cited, children learn about prime
numbers and composite numbers. When asked if the sum of
any two prime numbers is an even number, they may take
some pairs of prime numbers and jump to make the
generalisation that the sum of two prime numbers is even.
Children should be helped to realise that any number of
examples cannot establish the truth of a general statement
which must hold good for each and every instance and so one
counter example will make it false. For example, take the prime
number 2 and add any other prime number and the sum is
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odd. Similarly the statement that a quadrilateral having two
diagonals cutting at right angles can only be a Square or a
rhombus, is not true. Consider Fig. 2.

This figure has no name and disproves the assertion by a
counter example.

4. Proof by exhaustion

A perfect square number (in base ten numeration) always
ends in double zeros, 1, 9, 9, 4, 6 and never 2, 3 and 7, 8.
Children start with the statement that a number ends in
anyone of the digits 0 to 9. So there are only ten cases to
consider. Multiplying each of these digits by itself gives the
digits that could occur in the units place of any perfect square.
It is easily seen to be 0, 1, 9, 5, 4 and 6. Failure of digits 2, 3,
7 and 8 to appear in the units place shows that perfect squares
never end in these. This is proof by exhaustion, since the digits
that can appear in the units place of a number form a finite
set.

It is necessary that an integrated view of mathematics is
allowed to pervade the learning process at all levels of
schooling. This can be done if children are exposed to all
aspects of mathematics in smaller or greater measure as the
situations permit and which the children can appreciate. This
will help them avoid being obsessed with emphasis on
computation and manipulation under the pretext of developing
skills, as is by and large vogue now.
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A9 - Mathematics with Two
Graduated Rulers: ‘Scales’

1. Prologue

Children love repetition but not monotony. They are happy
when they get their insight stimulated through guidance and
unhappy when they are simply asked to do things obediently
as instructed. If this psychological trait of children is kept in
view, mathematical learning can be made exciting and inviting,

In setting up addition situations to collect addition facts
and build basic addition tables, children are introduced to
the use of concrete objects and use of the fingers and then
put under the regimentation of learning the tables by heart.
This is a universally observed practice in primary schools.
Learning by heart is not easy for many children and the effort
required to do so is needlessly taxing. Most children consider
the whole exercise a drudgery and recall of addition facts at
random irksome if not painful. A better strategy will be to
help children to gain familiarity with basic addition facts
through suitable learning activities. A pair of graduated rulers
(going by the name of ‘Scales’ in our schools, though not quite
appropriate) offer immense advantage.

2. Two ‘scales’ for addition

Once children understand the meaning of addition not only
with objects and fingers but also with sticks of different lengths
and sticks of the same length; show them how to use two
'scales’ to read off addition facts. One ‘scale’ is kept fixed and
the other ‘scale’ is made to slide along the straight edge of the
first. Initially the graduations on one scale are in alignment
with those of the other, 0 with 0, 1 with 1. 2 with 2 and so on.
Then zero of the sliding scale is brought into alignment with
3 of the fixed ‘scale’ and addition table 3 is ready to be read
off (see Fig. 1). ’

For basic addition table of any specified digit number, the
sliding ‘scale’ is moved along to have its zero in alignment
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with the specified digit number on the fixed s.cz.ﬂe. Children
should be required initially to explain addition fact§ by
pointing out, as for example, that 3 intervals on the .fufed
scale (see Fig. 1) together with 2 intervals forward on the sliding
scale give 5 intervals on the fixed scale and so on. ’I.‘he
placement as seen in the same figure gives the subtraction

facts:

10-7=3 6-3=3
9-6=3 5-2=3
8-5=3 4-1=3
7-4=3 3-0=3

Children should be helped to discover and realise that i_n
case of subtraction facts, movement on the sliding §cale is
backwards (in opposite direction). They intuitively reah.se that
addition and subtraction are inverse operations (see Fig. 2).

3. ‘Scales’ and fractions

Children’s understanding of fractions is clouded as children
are not presented the notions of a whole and a part: prope.rly
and adequately. Whole and part are relative, there is nothing
like the absolute whole and the absolute part.

Children should be put through situations that would
enable them to consider anything as a whole or as a pqrt.
Anything can represent more than a whole also. When. anytpln'g
represents more than a whole, the whole is contained in it
and it is a good challenge for children to point out the thle
in some special instances involving a sheet of paper in
convenient shape or a piece of thread. Also when anytr_nr%g
represents a part, the whole will be more than it and it is
equally challenging to show how to make the whole. ,

A graduated ruler is quite handy in making the 'notlons of
a whole and part of it better understood. Visualisation to start
with promotes confidence in handling abstract ideqs tf'lat
emerge from manipulation of concrete objects. By considering
two intervals on a scale to represent a whole, children
understand that one interval becomes half of the whole, three
intervals one and a half of the whole and so on. By considering
three intervals on the ‘scale’ to represent a whole, children
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get to recognise a third, two thirds, one and one third, one
and two thirds and so on (see Fig. 3).

4. Decimal fractions and ‘scales’

Using the graduated ruler showing inches, with each inch
seen divided into ten equal parts, decimal fractions can be
identified. By taking 1 inch interval to represent a whole,
children can point out, 0.1, (1/10), 0.2 (2/10) ete. and 1.1
(1+41/10), 1.2 (1+2/10) etc. Now by taking 10 inch interval to
represent a whole, children can point out not only tenths but
also hundredths. Step by step, children can be seen pointing
out 0.01,0.02...0.10,0.11 ...0.19,0.20,0.21 ... etc.

5. Epilogue

How good it will be if each primary child is provided with a
couple of graduated rulers as part of a mathematics learning
kit.
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A10 - Visual Aids for Multiplication Process

1. Prologue

Real learning in mathematics is exciting for children. If they
want to get the thrill of mathematical thinking, they should
experience the flow of thought process in passing from the
concrete to the semi-concrete and from the semi-concrete to
the abstract. Abstraction gives them the thrill and makes
learning inviting and absorbing. Formalism resorted to early
in the classroom teaching, robs this vital element in giving
instructions, with the result that children fail to see any
meaning in what they learn and gradually lose their natural
flair for exercising their intuition. Some of the topics that are
often seen to suffer from too early formalism are the operations
with whole numbers in general and multiplication in particular.

2, Criss cross placement

Taking 18 broomsticks and placing a few of them one way and
the rest the other way in a criss-cross placement (see Fig. 1)
helps the children to grasp a basic multiplication fact. Children
build all the basic multiplication tables themselves by using
this technique and in the process learn to memorise and recall
all the basic multiplication facts from 0 x 0 = 0to 9 x 9 = 81
‘with confidence and conviction. The approach is visual as
children see the multiplicand, the multiplier, and the product
separately (Fig. 1),

. This experience can be provide the basis for introducing a
v1.51‘1al approach to help children do multiplication of a multi
dlglt number by a multi digit number. Ten sticks when placed
criss-cross with one stick indicate the multiplication fact
10x 1 orlx 10 = 10 (number of junction points Fig. 2). Instead
of ten sticks, ask children to use a thin cardboard strip to
represent 10 (see Fig. 3) and place the strip criss-cross with
one stick. Children easily recognise this to represent 10 x 1 =
1 x 10 = 10. The junction here represents 10. This is the
passage to the semi-concrete or semi-abstract stage in
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learning process. Figure 4 represents two strips in criss-cross
placement giving 10 x 10 = 100. Children learn to mark
junction here as 100 (see Fig. 4).

The figures 6 and 7 show how to present multiplication of
32 by 24 by a criss-cross visual.

Children can read the junction values (see Fig. 7), count
hundreds, tens and ones and pronounce the product to be
768 (see Fig. 7). They can also learn to do multiplication in
two stages by taking first the criss-cross placement of 3 strips
and 2 sticks representing 32 x 4 giving 128 (see Fig. 9) followed
by taking the criss-cross placement of the same strips and
sticks representing 32 x 20 giving 640 which on adding to
128 gives 768. Had this kind of visual been incorporated in
the teaching of new mathematics, many people would have
had no hesitation to concede that the so called new
mathematics might have had better chances to survive.

Children see and learn to identify incidentally the
commutative (5 x 3 = 3 x 5 from Fig. 1, 10 x 1 =1 x 10 =10
from fig. 2) and distributive: (30 + 2) x 4 = 30 x4 +2x4and
(30 + 2) x 20 = 30 x 20 + 2 x 20 from Fig. 7) properties of
multiplication about which previously much fuss was made.
For multiplication involving numbers consisting of more than
three digits, strips of increasing thickness can be used to
represent higher units 100, 1000 etc. Alternatively coloured
strips with each colour to represent a specified higher unit
may be used. Of course there would be no need to go beyond
numbers with more than three digits, as children would have
by then become sufficiently aware of the procedural pattern
to discard this crutch. '

3. Extension to de}:imal fractions

It is worth observing that, through this criss-cross placement,
multiplication of decimal fractions can also be visually
presented. This also serves as an excellent medium to read
off some algebric identities, which to start with are simply
generalisations of numbers and number operations. It is only
a question of taking semi-concreteness to a higher level. This
ensures that children have a _firm grip over their learning with
the result that the reliability of their grasp of principles is high.
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A 11 - Instil Number Sense
in Tiny Tots

1. Prologue

As soon as a child is old enough to remember and repeat
what an adult says, parents and elders become impatient to
test their children’s memory. It is a widely prevalent practice
among parents to teach tiny tots to count from one to hundred
and pat themselves when the tots repeat the same from
memory. When it comes to actual counting of objects children
find the task irksome, as attention has not been devoted to
the child’s ability to match objects one by one with the ordered
sequence of numbers. Some children become so sensitive that
they develop a distaste for number work very early in their
lives. How wholesome an effect it will have if this sort of thing
is universally avoided!

Number is one of the most abstract concepts in
mathematics and it has to be learnt in degrees. When one
counts, the size, shape, colour, place, spacing, order, mass,
capacity, time of existence etc. of the objects are not taken
into account. If size is taken into account, the concept of
measure gets developed. Therefore, this calls for patience in
learning of numbers. The stages of learning synchronise with
developmental stages in the growth of a child.

Instead of introducing number names in their order, it would
be highly educative to have numbers up to five introduced in
any order. This provides the child with the valuable
opportunity of thinking and answering questions such as :
‘What should we do to two to get three, to four to get five, to
one to get two, and to three to get four?’ This experience helps
children discover ‘one more’ concept. They learn to say using
fingers, one and one more is two; two and one more is three
and so on. Now children state the numbers one to five in order.
They also exhibit the urge to ask for names of higher numbers:
‘Five and one more is ...", ‘Six and one more is ..." and so on.
Every time ‘one more’ is said, a new number is got.
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2. Strategy for Evaluation

An important stage to evaluate arises at this stage. To test if
the child has really grasped the number concept, ask the child
to show in as many ways as he/she can, the same number of
fingers as you show (see figures 1 and 2 for showing three
and two in different ways).

At first, children, find it challenging but soon intuition
helps them to accomplish the task with an air of triumph and
confidence to the astonishment of all. The child invites respect
as it does so untutored. Individual differences among children
also surfaces, distinguishing the fast learners from the slower
ones, incidentally, this test gives children a lesson of vital
importance and develops in them readiness for doing addition
and subtraction, multiplication and division, giving additive
complements of a number etc.

A 11 - Instil Number Sense in Tiny Tots
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A 12 - Conversion of Numeral
Base on Fingers

1. Prologue

Everyone is blessed with fingers, that can be put to imaginative
use in explaining and understanding many concepts in school
mathematics, besides counting and computing. With the
advent of the computer, children are taught nowadays the
numeration to different bases, particularly bases 2 and 5 and
conversion of numbers from one base to another. Conversion
of numbers from base two to base ten and vice versa naturally
receives attention in school mathematics as well as in
computer science.

Fingers come in handy to convert base two numerals into
base ten numerals. When children see the possibility of finger
conversion for bases other than two. They can go up to base
four.

First of all, children can be easily helped to realise that
the number of digits or basic numerals in a base system of
numeration, is the same as the number of the base of the
system. For example, the digits in base ten numeration which
is the most common and familiar one are ten in number and
they are 0, 1,2, 3,4, 5,6, 7, 8 and 9. For base nine numeration
the digits are O to 8 and they are nine in number. Also for
base 8, they are 0 to 7 and so on. Finally in base two
numeration the digits are two in number and they are O to 1.

It can, therefore, be seen that base two numeration on
fingers is the simplest as only two positions corresponding to
the two digits O and 1 have to be set up and identified. If a
stretched finger is associated with 1, then a bent Jinger will
represent 0.

2. Strategy

Ask the child to keep its right palm with its lines facing him/
her. Assigning the place values for the fingers starting from
the thumb, the thumb can be taken to represent one, the
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pointing finger two, the middle finger four, the ring finger eight
and the little finger sixteen. Some children may like to write
the values on their fingers in ink. When a finger is bent, the
value of the finger gets omitted (see F ig. 1).

The child feels delighted to reel off base two numerals and
their corresponding base ten numerals Jjust by looking at the
fingers some of which will be stretched and the rest bent.
With five fingers, the numbers up to 31 can be read off in
base two numeration. The pictures here illustrate some cases.

10101 two =21 ten (1 + 4 + 16) in Fig. 2
11100 two =28 ten (4 + 8 + 16) in Fig. 3

If the left palm is also used and the fingers given the place
values beyond sixteen in base two numeration, that is 32
(little finger), 64 (ring finger), 128 (middle finer), 256 (pointing
finger) and 512 (thumb), then numbers up to 1023 (in base
ten) can be converted to their equivalents in base two system.

3. Project

Following base two representation on fingers, children would
be curious to look for setting up finger positions to represent
base 3 and base 4 numerals. Base 3 needs three positions
and base 4 four positions. Once they hit upon positioning
each finger in three ways as well as four ways, children are
ready to read off numbers in base three and base four
numeration. To go beyond base four becomes extremely
cumbersome and hence difficult and so is not tried at all.
Using both the palms, addition and subtraction of four digit
numbers in base two numeration can be done by children
with little instruction.

4. Instant sum

Incidentally children can be helped to discover that the sum
of all the powers of two up to any index is simply one less
than the power of two to follow the last index. That is to say

1+21=22-1

1+2'4+22=923_1

1+2'+2%+2%=2%-1 and so on.
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Note

But children will have to be careful in computing the
conversion in bases greater than two, as it is not simply
addition of values as in base two but addition of multiples of
values in other bases. When in any system the thumb of the
right palm can be taken to carry the place value 1, the pointing
finger, the middle finger etc., will carry places values three,
nine etc. in base three and place values four sixteen, sixty
four etc. in base four and so on.

A 12 - Conversion of Numeral Base on Fingers
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A 13 — Number Formations

1. Prologue

Spat intuition that children possess is not fully utilised in
their schooling, particularly in mathematics, resulting in an
interglobal imbalance in the learning process. Once children
learn to count up to ten and put objects in a row, they can be
exposed to odd and even, and triangular and square number
formations.

2. Strategy

Odd number formations are presented through two rows, one
showing a number and the other its predecessor. Children
can be observed developing initiative to set up any odd
number, given its position in the sequence shown below:

Odd numbers 1st 2nd 3rd 4th 5th

Similarly any even number can be set up in two rows, each
giving the same number, as shown:

Even numbers 1st 2nd 3rd 4th 5th 6th

Triangular numbers can be set up in sequence, as shown
below: '

Triangular numbers 1st 2nd 3rd 4th 5th

Next children can set up square formations as shown below:
Square numbers Ist 2nd 3rd 4th

3. A variation

Instead of setting up odd numbers in the form of two rows to
show a number and its predecessor, they can be presented in
a row and a column as illustrated below:

Odd numbers 1st 2nd 3rd 4th 5th

This provides the child an opening to build a square number

with consecutive odd numbers as shown:
i1st 2nd 3rd 4th 5th

A 13 — Number Formations 57

Square numbers

1 3+1 5+3+1
1st odd no. + 2nd odd no. 3rd odd no.
+ 1st odd no. + 2nd odd no.

+ 1st odd no.
7+5+3+1+

4th odd no.

+ 3rd odd no.
+ 2nd odd no.
+ 1st odd no.

By setting up two consecutive triangular number
formations, one upright and the other inverted, children can
discover that any two consecutive t (triangular) numbers
together form a square number. See the illustration below:

All these can be presented ‘live’ on the playground or on
the stage by children through taking positions with
background music.
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o0 000
odd ¢ o 00 A 14 - Function Concept Game - I
Ist 2nd T
000 00000
00 0000 1. Prologue
4th 5th
Function concept games involving the discovery of the rule or
rules underlying the relation can be played by two or more
Even ° 'Y ) e0o children. These can also be played ‘live’ on stage with audience
numbers o o0 9090 participation.
o0 000000 .
3(’)38 8(‘)800 000000 2. Two children games
4th 5th 6th In the two children-game. Ravi starts with a number and
Ramesh gives another. They go on giving numbers alternately
. oo 00000
Triangular @ 8. 38. 330 0000 till the audience joins in full measure.
numbers o 00 000 .
o g° Game 1
1st 2nd 3rd Ard 5rd .
Ravi (x) 2 5 3 7 9
o000 Ramesh (y) 6 15 9 21 27
Square . 28 383 9360 . . .
numbers oo 000 0000 The audience discover that Ramesh says thrice what Ravi
et nd ad  ath says. In other words y = 3x or f (x) = 3x
0dd ° o0 eoo Game 2
numbers ° 9 Sunil and Suresh play the game
Ist 2nd o Sunil x) 3 4 6 2 10
0009 00002 Suresh  (y) 14 18 26 10 42
3 i
8 o Here the audience discovers that what Suresh says is two
4rd 5?d more than four times what Sunil says. In other words y = 4x
o o 83 +2orflx)=4x + 2.
° o0 ::8 :::8 3,3 1st 2nd One characteristic should be borne in mind in playing
6o ©00 @000 | tno  tno  sqno function games. When x value is repeated, the value given
€000 earlier should not change. For instance, in the Ravi-Ramesh
1st 2nd 3rd 4rd o PYSENY X
00 ® OOe® game, when Ravi says three at some stage after 9, then Ramesh
000 °‘:° should say 9 again and not any other number. Similarly, in
?’rﬁ) f‘:; z’;_m the Sunil-Suresh game, when Sunil repeats 4 again after 10,
Suresh should not forget to say 18 again. Otherwise, the game
would cease to be functional.
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The rule may not be found easily or at all and the pattern
(or may be the table itself) would suffice as illustrated below.

Game 3
Leela (x) 3 7 8 6 2 5
Lata (y) 5 2 5 2 5 2

3. Three children games

In the three children game, two of them give a number at
random and the third relates his number to those given by
the others. This goes on till the audience joins in.

Game 1

Raju (x) 3 7 1 3
Rana (y) 5 6 4

Ray (z) 8 13 5 11

The audience discovers that what Ray says is the sum of the
numbers given by Raju and Rana. In other words z =X +y Or
fixy=x+Yy.

Game 2
Girish (x) 1 2 4 7
Gopal (y) 3 5 6 7

Giridhar (2) 10 29 52 98

Here the audience gropes for a while and then discovers
that what Giridhar says is the sum of the squares of numbers
given by Girish and Gopal. The intricacy of this game is greater
and hence provides more excitement.

The children should be helped to realise that a number
and its multiples bear functional relation. There is another
important point that should not be lost sight of. A functional
relation need not always be associated with numbers. For
example, consider a gathering of mothers and their children.
The relation that each child bears to a mother is functional.

Thus, the concept of functional relation can be easily and
effectively brought home to children through playground
experience, placement games and stage presentations.

A 15 - Function Concept Game - II

1. Prologue

Formalism often hinders conceptualisation in mathematics.
Conceptualisation can be facilitated over the years if
experiences are provided at different levels in stages. Function
concept is central and crucial to sound acquisition of
mathematical knowledge.

A good start for function concept can be made even at the
kindergarten stage. ‘One-way see-one game’ and ‘Two-way
see-one game’ give a good start, as they are within the
capability of five-years old children.

2. One-way see-one game

Set up a network of strips showing say, five rows of five
junctions each; place an object, a bottle top, at each junction.
Ask the child to leave only one object in each up-down set (or
column) and remove the rest so that only one object is seen
in each up-down set. This can be played ‘live’ with children
standing in five rows of five columns each. As the responses
are numerous, this demands exercise of imagination and
spatial intuition, thereby promoting creativity.
‘Both ways see all’ arrangements (see Fig. 1).

3. Two-way see-one game

After children get settled in playing this game, introduce
“Two- way see-one’ game. A child should ensure that only one
object is seen not only in each up-down set but also in each
left-right set. Fig. 2 satisfies this double criteria but not Fig. 3
and 4.

Later in higher classes, children can be asked to name
each junction by means of an ordered pair of natural numbers,
giving ‘the place number’ and the ‘the row number’ of each
junction. If children name the points in ‘One-way see-one’
arrangement, they find that no two ordered pairs have the
same first number (or component), though the second number
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may be the same or different. In Fig. 2, the marked junctions
can be listed as (1,4), (2,3), (3,5), (4,2), (5,1).

In fig. 3 the listing is (1,3), (2,5), (3,3), (4,5), (5,2), and in
Fig. 4 it is (1,2), (2,2), (3,2), (4,2), (5,2).

‘4. Preview

This experience provides the basis to suggest and appreciate
the vertical line test and the horizontal line test in the case of
continuous line graphs later, if the graphs are to represent
functions. A learner will now be in a position to give the formal
definition of a function as ‘a set of ordered pairs no two of
which have the same first component’ and if, in addition, no
two ordered pairs have the same second component, the
inverse of the function is also a function.

A 15 - Function Concept Game - II
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B. EXPERIENCES WITH SHAPES

B 1 - Mathematics with Railway Tickets

1. Prologue

Mathematics can be interpreted as a way of looking at things
and their set ups and discovering relations among them.

Give the children four railway tickets of the same size.
Tell them to arrange the tickets in such a way that the whole
arrangement is square in shape with a hollow square inside.
Thus there are two squares one inside the other. After some
trial and error, it is easy for the children to arrive at the solution
as shown in Fig. 1.

2. Setting up design

Children know what a rectangle is. Railway tickets are usually
rectangular. If they know that the area of the rectangle can
be given as ab; with a and b representing respectively the
measures of its length and breadth, they can translate the
design into a beautiful algebraic identity. At first, they will
have to examine the design and discover that

(1) the outer square without the inner square gives four
rectangles of the same size,

(2) the side of the inner square is seen as the difference of
length and breadth or a-b. Then the design gets easily
translated thus:

{a+bP-(a-b)=4ab

Next let the children draw the diagonal joining a pair of
opposite corners in each rectangle as shown in Fig. 2.

What is the design that is seen now? It is a three square
design, and there are eight right-angled triangles of the same
shape and size. The third square is sandwiched between the
outer and inner squares seen earlier. Now the students can
discover a property of the sandwiched square.
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The outer square without the four right-angled triangles
(of the same shape and size) gives the sandwiched square. In
other words, the outer square less four right-angled triangles,
each of which is half the area of rectangle, gives the square
on the longest side of any of the right-angled triangles. The
side of the outer square is seen to be a + b and let the longest
side on any of the right-angled triangles measure, say, ‘c’.
Now the sandwiched square design can be translated into
symbols as follows (see Fig. 3) :

(a+byP-4(1/2 ab) =c?

This on simplification gives a*> + b> = ¢* which is nothing
but the famous Pythagorean property of a right-angled triangle.
Incidentally, this is the famous ‘Behold’ demonstration of
Bhaskaracharya.

There is also another way of looking at the sandwiched
square (see Fig. 4). The inner square together with the four
right-angled triangles (of the same shape and size) gives the
square on the longest side of any of the right-angled triangles.

This when translated into symbols gives (a -~ by> + 4 (1/2
ab) = ¢®> which on simplification again gives a? + b? = ¢2

Interestingly enough, the removal of the four right-angled
triangles from the outer square can be presented using only
two tickets as shown in Fig. 5. Remember that each rectangle
consists of two right-angled triangles.

This design shows that the outer square less four right-
angled triangles gives two squares, one on one of the two
smaller sides and the other on the other smaller side of any of
the right-angled triangles. This finding coupled with the one
seen earlier with outer square and sandwiched square gives
the well-known property that the sum of the squares on the
two smaller sides of a right-angled triangle is equal to the
square on the longest side of the right-angled triangle.

This is the simplest and the most elegant Chinese proof
not requiring the use of algebraic expressions.

Use of four copies of a visiting card or a post card would
be beneficial by way of variation in enriching the experience.
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3. A Project

- To find out if the children have developéd an insight in
understanding the property of a right-angled triangle, pose
the problems suggested below:

(1) Fix up a square which is equal to the sum of two given
squares of different sizes.

(2) Fix up a square which is equal to the difference of two
given squares of different sizes. (Note: Equality in the
above is in terms of areas).

Give children two thin cardboard squares of different sizes
and tell them that the solution does not need any
measurement or calculation. It is enough if a method of
solution is just described.

Note: It is necessary to warn them that the use of objects in
the mathescope is only to help visualisation of plane figures
as shown in diagrams.

B 1 - Mathematics with Railway Tickets
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B 2 - Not a Game of Chance

1. Prologue

A thoroughfare in a town. A person along with one or two of
his assistants chooses a spot on road-side, spreads a towel,
places on it a wound-up belt showing two gaps, inserts a
pencil in one of the gaps and calls for betting to say if the
pencil is inside or outside, with the promise to give any person
responding correctly, double the amount advanced by the
latter as the bet.

One of the assistants poses to be a passerby and is seen
to bet one rupee, give a correct response and carry away two
rupees. This attracts and entices a few passers-by who stop
to be onlookers. Soon the craze for making a quick buck grips
them and they join the betting game. After about half an hour,
the gambling den is vacated to move to a new spot on some
other thoroughfare.

Very few in any town would have failed to notice this, at
one time or other, and might have betted just to try their luck.

2. Strategy

How is a belt wound up to show two gaps. Take a long belt,
fold it about the middle, hold the overlapping parts together
and wind it round and round from the folded edge till the free
ends are reached. The two gaps will be formed. Press the free
ends with one hand while holding the roll and insert a pencil
in either of the two gaps with the other hand to ask if the
pencil is inside or outside. Once the response is made, allow
the belt to unwind itself by holding the pencil and pulling the
free ends. When the pencil is caught by the folded belt, the
pencil is said to be inside, when it is not caught it is outside
(see Fig. 1, 2, 3).

3. A game of chance

Is this really a game of chance? The investigation requires
making of a mathematical model of the game with the belt by
ignoring the non-essential features. An intermediate step is
to use a cord instead of a simple closed curve.
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What is a simple closed curve? Start from some point and
draw a curve in such a way that you come back to the starting
point without lifting your pencil or pen. This describes, by
and large, a simple closed curve. A circle and a square are
examples of a simple closed curve. A simple closed curve drawn
on a plane has an inside and an outside. This is quite plain
when the curve has no convolution (see Fig. 4). But when the
curve is highly convoluted, it baffles one to locate a point in
its inside or outside. The figure 4 is an example of a simple
closed curve.

There is a beautiful test to solve the problem of determining
if a point is inside or outside a simple closed curve. Count the
number of intersections.

In figure 6, I is a point inside the closed curve. Two rays
from I are drawn and the intersections of each with the curve
are counted. The number of intersections of the ray IX in the
figure is three and those of IY is five. Let children draw other
rays from I and count the intersections of each with the curve.
The number will every time be found to be odd.

O is a point outside the closed curve (see Fig. 5). Two rays
to intersect the curve are drawn from O and the number of
intersections of the ray OP with the curve is 2 and that of OQ
is 4. Let children draw other rays from O to intersect the
curve and count the intersections of each with the curve.
Children discover the number to be even. They enjoy the fun of
drawing simple closed curves as highly convoluted as possible,
and determining their insides and outsides by means of the
ray test. -

So to decide if a point is inside or outside a simple closed
curve, what one has to do is simply to draw or imagine a ray
_from the point to intersect the curve and count the number of
intersections of the curve; if the number turns out to be odd the
point is inside and if it is even, the point is outside (see Fig. 5).

Now consider the closed curve which models the game
with a belt or cord.

N and W are two points. We have to determine which of
the two is inside the closed curve. Draw a ray from each cutting
the curve. NT is a ray from N and WS from W. Let us count
the intersections of the curve with each ray. NT has five
intersections and WS four. So N is inside and W outside closed
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the curve. You can also check by tracing your way out from
Z (see Fig. 7).

Instead of drawing the ray, one can simply and speedily
count in twos or fours the portions of the curve adjoining the
gap containing a given point. If the number of ‘portions’ is
odd, the given point is inside the curve and if the number of
portions is even, the given point is outside the curve.

4. Epilogue

As a game of chance, this betting game with the belt has
some glamour. But by applying the profound but simple
property of a simple closed curve on a plane which says that
it has an inside and outside, a property named after the
mathematician Jordon who was the first to give a formal proof
of it, the chance element in the game is removed and the
unfailing rule to win the game always is discovered, assuming
that no attempt is made to cheat.

Not a Game of Chance I

Fig. 2

Fig. 3

B 2 - Not a Game of Chance

71

Not a Game of Chance II

Fg. 4 P mgs5

Y
T
S -
X
Fig. 7
Fig. 6




B 3 - Mathematics with a Ruled Sheet

1. Prologue

All structured situations have beautiful mathematical
properties imbedded in them. One such is the ruled sheet of
paper, easily available to everybody.

A ruled sheet with a line of margin on it (usually on the

left) is preferable. If the margin is not there, roll the sheet

lengthwise for some distance from the right edge so as to
have some space as margin and draw the marginal line. It is
assumed that the rulings on the sheet taken are at equal
intervals or equidistant. It is advisable to check this
assumption first by cutting off a narrow lengthwise strip of
uniform width on the right side of the sheet and by pushing it
up and down the rest of the larger part of the sheet for testing
of line or interval alignment. Also the line of margin should
be vertical when the sheet is held up so as to have the ruling
horizontal position. The closer the rulings are, the better the
scope for explorations.

- 2. The Ruled Sheet

The first thing that a child can easily observe is the equality
of intercepts made on the line of margin by the rulings. The
child can also see that the line of margin makes with each
ruling a square corner, i.e., a right angle.

Draw a line with its ends on any two rulings which are
not consecutive (see Figs. 1a and 1b).

Using a pair of dividers, compare the intercepts made on
the line by the rulings. What do we discover? The intercepts
are all of equal length. Draw many more line segments and
verify if equality of intercepts occurs in each case. This
experience is the basis of one of the most significant theorems
viz. the Intercepts Theorem, in elementary Euclidean Geometry.

The line of margin cuts the rulings. From the point where
the line cuts a ruling, draw any other line segment with its
other end on some other ruling. One can observe a sequence
of triangles being formed (see Fig. 2a).
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What kind of triangles are these? The angles of all the
triangles measure the same. This can be verified by taking
another set of triangles (made by using a carbon sheet) and
superimposing the angles of one over the angles of another,
one by one.

The corresponding sides of any two of the triangles, are
however, in the same ratio. In other words, if any two triangles
of the sequence are examined, one is a reduction or an
enlargement of the other.

Incidentally the children find it worthnoting that given
three angles of a triangle, no unique triangle is_found. On the
other hand, numerous triangles exist. But it is not so, when
three sides of a triangle are given, in which case a unique
triangle is determined.

Triangles which have their angles alone preserved are
called similar. Their corresponding sides are proportional.

See the diagram below (Fig. 2b). The bases of the triangles
in the sequence are in the ratiosof 1 : 2 : 3 : 4 : 5, as is the
case with the vertical sides if they are drawn or the slant
sides of the triangles.

Looking at the sequence from the other end, a child can
see that the bases of the triangles can be seen to be

1, 4/5, 3/5, 2/5 and 1/5 (see Fig. 2b).

This opens up a method of getting the parts of a line
segment using a ruled sheet with a line of margin. Drawing
verticals to the base from the points that the slant line segment
makes with the rulings, a child can see that the base is divided
into five equal or congruent parts. This suggests the use of a
ruled sheet to divide a line segment into the required number
of equal parts (allowing for limitations imposed by the size of
the sheet).

3. Parts of a line segment

An interesting question arises. Is it possible to get parts of a
line segment when a ruled sheet without the line of margin is
used? First of all let us understand the steps and outcome of
the previous experiment.

We said the line segment which was to be divided along
one of the rulings beginning from the margin. We counted
five rulings above the line segment and joined the point of



74 Resource Material for Mathematics Club Activities

intersection of the margin line with the fifth ruling to the other
end of the line segment. From the intersection points of this
slant line-segment with the ruling perpendiculars were drawn
on the given line segment. Thus we got

1/5, 2/5, 3/5, 4/5 parts of the segment.

The ruled sheet to be used now has no line of margin. The
first thing to be done is to fix the line segment of given length
along any ruling. Suppose sevenths of the line segment are to
be obtained. What is the technique that should be used ?
(see Figs. 3a and 3b).

Count seven rulings above the line segment and take a
point on the seventh ruling. Join the point to the end points of
the line segment. A sequence of similar triangles is formed
again. Use a pair of dividers and check that seven times the
base of the smallest triangle is equal to the line segment.

‘That is to say, the base of the smallest triangle is 1/7 of
the line segment which happens to be the base of the biggest
triangle, the length of the base of the next bigger triangle is
2/7 of the line segment and so on.

If parallels to one of the sides are drawn from the points of
intersection of the other side to meet the base, the base is
seen to be divided into seven equal or congruent parts.
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B 4 - Explorations on a Ruled Sheet

1. Strategy

Take a point on a ruling, say, in the middle of the sheet. With
that point as centre, draw a circle of convenient radius. Join
the centre point to the points of intersection of the circle with
the rulings. What do children notice about the radii of the
circle? The radii are divided into halves, thirds, fourths and
fifths in the same diagram. Is this not fascinating? (see Fig. 1)

An instant method of dividing a line segment into the
required number of equal parts suggests itself at this stage,
provided the line segment is longer than a segment consisting
of equal number of intercepts on the line of margin.

Choose an appropriate segment of intercepts (i.e., with as
many intercepts as the number of subdivisions required) on
the margin line. With bottom end of this segment as centre
and line segment to be divided as radius, draw an arc using
compasses. Let it cut the ruling passing through the other
point of the marginal line segment.

Any other line segment required to be divided into the
same number of equal parts can also be fixed up on similar
lines as shown in the diagram (see Fig. 2).

The ruled sheet comes handy in exploring the relationship
between the diameter of a circle and its circumference.

2. Innovative approach in finding II

Use cardboard or plastic discs of convenient sizes. Take one
of them and place it in the left corner space to touch the
margin line and the first ruling. Trace its rim on the ruled
sheet. Lift the disc and now place it touching the first rim
outline and the top ruling as shown in Fig. 3 below Trace its
rim once again and repeat it four times. Through the points
of contact of rim outlines draw a line as shown. This is the
line of diameters. Mark the diameter distances as O, d, 2d,
3d, 4d as shown in Fig. 3.

Make a mark on the rim of the disc. Hold the disc upright
on the line of diameters matching the mark on zero of the line
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of diameters. Roll the disc very carefully along the line of
diameters without sliding or slipping and watch for the mark.
Once the mark is back on the line of diameters stop rolling
the disc. Mark this point on the line of diameters. The distance
covered by the disc can be taken to be its circumference. Repeat
the rolling to ensure accuracy as far as possible.

A child doing this interesting explorative exercise discovers
that the circumference of a circle is a little more than three
times its diameter. The question that naturally arises at this
stage is, ‘what part of the diameter is the excess portion beyond
3a’? '

Use dividers and with its legs spread to cover the excess
portion correctly, step off to find the number of such steps to
cover the diameter from 3d to 4d. If stepping is done very
carefully, it is seen that the excess portion is roughly a seventh
of the diameter.

In figure 3, the base of the first triangle from the bottom
most vertex is almost equal to the excess portion. This shows
that the circumference of a ‘circle is plausibly 3 1/7 times its
diameter. Actually, the relationship cannot be expressed in
terms of a fractional number, though the ratio is a constant
denoted by &, the Greek letter corresponding to p, standing
for perimeter and pronounced ‘pie’.

Repeat the exploration with discs of other sizes to ensure
that circumference = 31/7 is the property of all circles.

What is noteworthy about this innovative approach is that
no scale is used in measuring the diameter and the
circumference and in finding their ratio, as is usually done.
Also the approximate value of n viz. 3 1/7 is actually obtained
by the child without being told.

3. Forming quadrilaterals

Choose three straight broomstick pieces, two of which are of
the same length. Make a square corner with paper. Use the
ruled sheet to mark the middles of the broomsticks.

On a ruling in a ruled sheet, choose a point. Through
that point place two broomsticks of unequal length in such
a way that there middles lie on the point. Mark the ends of
the broomsticks and join the marks consecutively and
identify the quadrilateral formed. Now a parallelogram is
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formed (see Fig. 4a). When the broomsticks are placed so as
to have a square corner between them, a rthombus is formed
(see Fig. 4b).

When the middle of only one broomstick lies on the point
and the other broomstick is so placed through the point as to
make a square corner, a kite is formed (see Fig. 4c).

When the two broomsticks are so placed that they lie across
each other meeting at some point on the ruling, a quadrilateral
is formed. If in addition, the broomsticks make a square
corner, a quadrilateral with its diagonals cutting at right angles
is formed (see Figs. 5a and 5b).

Now take two broomsticks of equal length. Place one across
the other such that their middles lie on the point chosen on
the ruling. Mark the ends of the broomsticks and join the
marks consecutively. What kind of a quadrilateral is formed?
It is a rectangle. If the broomsticks make a square corner at
their meeting, the quadrilateral is a square (see Figs. 6a and
6b).

Place two broomsticks across each other in such a way
that the top end-points of each broomstick lie on some ruling
and bottom end-points lie on another ruling. Joining the end-
points of the broomsticks consecutively, a trapezium is seen
to be formed. If the broomsticks are of equal length, then the
trapezium formed is isoceles (see Figs. 7a and 7b).

B 4 - Explorations on a Ruled Sheet
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Explorations on a Ruled Sheet II B 5 - Checkruled Areas

1. Prologue

A checkruled or a square ruled notebook is widely used in
schools for number work, as it helps in avoiding problems of
place value alignment. Potentialities of a checkruled sheet
for mathematical investigations by children have neither been
explored nor exploited by the majority of teachers. It would
be highly educative if the teachers in their pre-service or in-
service training schedules are made thoroughly familiar with
this avenue of mathematical learning. The versatility of a
checkruled sheet is so immense that it can be made use of
effectively at all levels of schooling in mathematics.

<

2. Area and perimeter

Area and perimeter of a figure are expressed in different units
and that is why they cannot be compared. Only their numerical
values can be compared. An interesting project for
investigation is about the numerical comparison of area and
perimeter of geometric figures. A square ruled sheet that is
commonly available is quite adequate for this purpose. To
start with, let us deal more with rectilinear figures, that is,
figures bounded by line segments.

When mathematics is taught formaily and is devoid of any
experimentation or discovery, it generates numerous
ﬁ ~~~~~~ misconceptions in the minds of learners. Unless children are

Y . .'\ 5 actively encouraged to play around with an idea, it is very

4 AN SOOXN likely that they may reach an incomplete or faulty
\ understanding.
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children answering that it can have any shape. The checkruled
sheet can be used to grasp this important idea by converting
a square (or a rectangle) into different shapes without changing
the area, as shown in Fig. 1.

3. The same area in different shapes

Showing the same area in different shapes is a creative exercise
providing a valuable mathematical experience. This project
enables the children to feel that, given a figure of a particular
shape (closed plane figure to start with), it has a definite area,
but given the definite area of a figure, the figure has no
particular shape.

The next question that can be taken up for investigation
is the numerical comparison of the measures of area and
perimeter of rectilinear figures. Ask the children to build
rectilinear shapes of different kinds having the same area,
say of six square units, on a checkruled sheet and compute
the perimeter of each shape. A sample work done by children
is given in Fig. 2.

4. The Questions

Incidentally children stumble on the discovery that figures
can have different shapes not only when their areas are the
same but also when their areas and perimeters are the same.
The investigation gives children the experience to answer more
questions such as :

(1) Can the perimeter of any rectilinear figure be numerically
equal to its area?

(2) Can the perimeter of any rectilinear figure be numerically
less than its area?

(3) Can a rectilinear figure of given area be drawn to have
the required perimeter and vice versa?

While trying to answer such questions, children come up
- with certain interesting findings. Of all the rectangles which
can be built to have the same perimeter, the square has the
maximum area. This problem is, interestingly enough, seen
to be related to the question of finding among pairs of numbers
having the same sum, the pair with the greatest product. Take,
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for instance, pairs of numbers having the sum 10. (1, 9),
(2, 8), (3, 7), (4, 6), (5, 5), when counting numbers alone are
considered. Finding the product of each pair one can easily
see that when the pair of numbers are equal, the product s
the greatest.

5. Versatility of square ruled sheet

This same project when handled by high school and higher -
secondary pupils can be seen to demand use of higher
mathematics embracing irrational numbers, quadratic
equations and differential calculus. If instead of rectangles,
other polygons and circles are included, the understanding
that given a piece of rope, the maximum area that can be
measured out by bringing the two ends of rope together should
be circular in shape, would be secured.
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Checkruled Areas

Fig. 1
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B 6 - Fun with Cardboard Shapes

1. Prologue

Parents interested in seeing children at creative work on their
own would do well to leave them with sand or clay. What
excites the children is the instant making and instant
changing of shapes. It is in their nature from infancy, without
inducement or tutoring from adults, to perform spatial
experiments, guided by intuition which provides the initial
start in any creative endeavour.

Once they start school, they are prematurely confronted
with formal learning to suit the convenience of adults who by
and large, have ceased to bother about creativity. Further the
survival-urge in children makes them seek the comfort of
dependent learning and reject the risks and challenges of
relying on their intuitive strength.

It is necessary, therefore, to mitigate the burden of
formalised learning by providing the students with
opportunities for exercising their intuition, particularly spatial
intuition in which they revel. As present day research bears
out that the growth of mathematical understanding in children
is facilitated if they are encouraged to exercise their spatial
intuition.

Composing shapes with pieces gives them the initial start.
What is needed is a square cardboard cut into a finite number
of bits. Ask children to rebuild the square with the bits. Similar
rebuilding puzzles can be set up with other shapes.
Recomposing two squares into bits so as to build a single
square is an interesting puzzle that forms the basis of the
Pythagorean property of right triangle.

Composing different shapes with the same number of
pieces is the next stage and this is the basis of the famous
Chinese game of Tangram. The underlying mathematical
principle is the conservation of area.

More exciting and more rewarding is the game of dissecting
a shape into bits so as to recompose the bits to form a different
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shape as required with, of course, no change in area. This
provides for the children of primary school age, an elerpent of
manageable challenge and extensive scope for enquiry ar_ld
exploration, in acquiring motivated experience in spatial
relations.

2. Regular hexagon into a parallelogram

Children need to get started until they have developed a high
degree of involvement. Give them preferably a thin cardboard
regular hexagon (sides equal and angles equal). Show them
the shape of a parallelogram. Ask them to cut the cardboard
hexagon into suitable bits so that they could build a
parallelogram with the bits; that is to say in other words, to
convert the hexagonal shape into a parallelogram shape. The
step by step picture strip explains the technique (see Fig. 1).

3. Quadrilateral into a parallelogram

Next give them a cardboard in the shape of a quadrilateral
(four-sided figure). Ask them to cut it suitably into bits to
make a parallelogram. The dissection of hexagon does not
involve the use of midpoints of the sides. But in the case of
conversion of very many rectilinear (bounded by line segments)
shapes, the magical role played by midpoints of sides, presents
itself. Study the picture strip given in Fig. 2.

Ask children to convert through dissection and
recomposition any kind of quadrilateral such as a
parallelogram, rhombus, trapezium and kite into a rectangle
and preserve their work in an album.

Once children discover one way of doing a certain thing,
they seek different ways of doing the same thing. This gives
them a sense of achievement and genuine pleasure.

4. A Quadrilateral into a triangle in two ways

Converting a quadrilateral by dissection and recomposition
process into a triangle without changing the area is very
interesting. There are often more than one way of doing the
conversion, an example for which is provided in figures 3 and 4.
Children can be seen to develop an insight into the magical
role played by midpoints of sides.
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Midpoints need not always be taken only on sides.
Sometimes midpoints of lines joining the midpoints are also
helpful as seen in Fig. 5

5. Square into a triangle

Another such interesting case arises in changing a square
into a (scalene acute angled) triangle by dissection as pictured
in Fig. 5.

6. Project

Set some easy conversions as project work, e.g. conversion of
a rectangle into an isosceles triangle, or right triangle by
dissection. A mathematically gifted child can be easily spotted
out, if projects of this kind are given as annual contests in
schools. Solids also lend themselves to shape conversion
puzzles of wonderful complexity.

7. History

Bolyai (1802-60) a great Hungarian mathematician, who is
remembered for his contributions to non-Euclidean geometry
was the first to pose the general problem of dissecting a given
polygon of any number of sides into a finite number of
polygonal pieces, so as to recompose them to form another
polygon of the same area. It was left to Hilbert (1862-1943)
the great universalist mathematician of this century, to
demonstrate the possibility of this general conversion.
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